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Abstract 

The unfolded formulation for arbitrary massless mixed-symmetry bosonic 
and fermionic fields in Minkowski space is constructed. The unfolded form is 
proved to be uniquely determined by the requirement that all gauge symme- 
tries are manifest. The unfolded equations have the form of a covariant con- 
stancy condition. The gauge fields and gauge parameters are differential forms 
with values in certain irreducible Lorentz tensors. The unfolded equations for 
bosons determine completely those for fermions. The proposed unfolded for- 
mulation also contains dual formulations for massless mixed-symmetry fields. 
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Introduction 

In four dimensional Minkowski space spin degrees of freedom are known to be clas- 
sified by non-negative integers or half-integers. However, in dimensions higher than 
four spin degrees of freedom are described by a set of (half )integers, according to the 
weights of the Wigner's little group. The simplest and the most developed are the 
cases of totally symmetric [Il[2l[3llll[5l[6l[7l[8l[9l [TOl [11] and totally antisymmetric 
fields p!2| [T3l [H]. All other types are referred to collectively as mixed-symmetry. 
Mixed-symmetry fields naturally arise in field theories in higher-dimensions, for in- 
stance, in (super)string theory [15] . 

The simplest mixed-symmetry fields were originally considered in [16] and |T7]. 
The most general type of mixed-symmetry fields was studied in [HI [191 l20l [2T] 
though, the rigorous proof of the fact that the proposed in [20] fields/gauge symme- 
tries content and equations describe massless particles properly was given in [221 [23] ■ 
In terms of BRST approach mixed-symmetry fields, characterized by at most two 
non-zero weights, were studied in [211 [23 [2Sl [2Z|- An elegant approach to the de- 
scription of mixed-symmetry fields was proposed in [281 [221 [30] on the basis of the 
simplest mixed-symmetry fields. 

In this paper massless mixed-symmetry fields are reformulated within the un- 
folded approach [311 [321 [33] because it is the unfolded approach that underlies the 
full nonlinear theory of interacting massless fields with arbitrary totally symmetric 
spins [7], being the only approach succeeded in constructing the full theory, though 
exhaustive results concerned with cubic vertices of higher-spin fields were obtained 
within the light-cone approach in [311 [33 [31]. Therefore, to unfold an arbitrary 
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spin, viz., mixed-symmetry, fields in the Minkowski space is considered as the first 
step towards the full nonlinear theory of arbitrary spin fields. 

The main statement of the paper is that a free massless field with spin degrees of 
freedom characterized by an arbitrary bosonic or fermionic unitary irreducible repre- 
sentation of the Wigner's little algebra can be uniquely described within the unfolded 
approach, in which all gauge symmetries are manifest. The unfolded system has the 
form of a covariant constancy equation. The gauge fields and gauge parameters are 
differential forms on the Minkowski space with values in certain irreducible repre- 
sentations of the Lorentz algebra, i.e., irreducible tensors or spin-tensors. The full 
unfolded system is described in terms of a single nilpotent operator (T_, whose coho- 
mology groups correspond to independent differential gauge parameters, dynamical 
fields, gauge-invariant equations and Bianchi identities. 

Another advantage of the unfolded approach is in that the equations for bosons 
and fermions have literally the same form, the only difference being in change of 
tensor representations, in which the fields takes values, by the corresponding spin- 
tensors. The form and the order of dynamical equations, second for bosons and 
first for fermions, turns out to be encoded in cr_ cohomology. In fact the unfolded 
system is constructed for the bosonic case and, then, proved to have the same 
form for fermions. The similarity between bosons and fermions within the unfolded 
approach can have deep applications in theories with supersymmetries. 

Despite the deep relations of the unfolded approach to the nonlinear theory of 
higher-spin fields, unfolding by itself provides a very powerfuU method for analysis 
of dynamical systems. For instance, once some linear dynamical system is unfolded 
it is given a direct interpretation in terms of Lie algebras/modules and all gauge 
symmetries become manifest. 

The paper is organized as follows: the main result, i.e., the unfolded form of 
equations describing a massless field with the spin that corresponds to an arbitrary 
irreducible representation of the Wigner's little algebra is stated in Section [TJ All the 
necessary information about mixed-symmetry fields in the Minkowski space-time is 
collected in Section [2l The basic facts concerning the unfolded approach, viz., the 
very definition, the relation to Lie algebras/modules, to the Chevalley-Eilenberg 
cohomology are recalled in Section [31 illustrated on the examples of a scalar field, 
spin-one field and totally symmetric spin-s and spin-(s + 1) fields in Section The 
proof of the general statement of Section [T] is in Section |H The physical degrees of 
freedom are analyzed in Section 14. 3[ The discussion of the results and conclusions 
are in Section [51 Multi-index notation and basic facts on Young diagrams and 
irreducible representations are collected in Appendices. 

Conventions 

As the most general type of irreducible representations of orthogonal algebras, viz., 
the Wigner's little algebra, the Lorentz algebra, is considered, the essential use is 
made of Young diagrams' language. A certain Young diagram is denoted by Y 
with subscripts or directly enumerating the lengths of the rows as Y{si,S2,..} or. 
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when rows of equal lengths are combined to blocks, as Y{(si,pi), (^2,^2), •••}, Pi 
being the number of rows of length s,. Loosely speaking we do not make any differ- 
ence between irreducible finite-dimensional representations of orthogonal algebras, 
Young diagram^ and the corresponding irreducible (spin)-tensor^, e.g., rank- two 
symmetric traceless tensor-valued field 0"'', i.e., (j)"''' = and rjabcj)"'^ = 0, can be 
equivalently denoted either as (jP-^ or <p^ with Y = Y{2} = Y{(2, 1)}. The scalar 
representation Y{0} is denoted by •. Unless otherwise stated, all Young diagrams 
are of orthogonal algebras, viz., so((i — 1, 1) or 5o{d — 2). For more detail on Young 
diagrams see in Appendix B. Greek indices /x, i/,...=0...(d-l) are the world indices 
of the Minkowski space-time A4.d- d = dx^-^ is the exterior differential on A4.d- 
The degree of differentials forms on M.^. is indicated by the bold subscript, e.g., a 
degree-g differential form uj on M.fi with values in 5o{d — 1, l)-irrep characterized by 
the Young diagram Y is denoted as (loosely speaking Y-valued degree-g form 
uj^)- The wedge symbol A is systematically omitted. Lowercase Latin letters a, 
6,...=0...(d-l) are vector indices of so{d— 1, 1), fiber indices of the sections of tensor 
bundles over the Minkowski space-time. Greek indices a,/3,7 = 1...2t2l are fiber 
spinor indices of so{d — 1, 1). The multi-index condensed notation is used in the 
paper: the (anti)-symmetrization is denoted by placing the corresponding indices in 
(square) round brackets, for details on the multi-index notation see Appendix A. 



1 Summary of Results 

The main statement of the paper is that given a unitary irreducible bosonic(fermionic) 
representation of the massless Wigner's little algebra so{d—2), which is characterized 
by Young diagram Y = Y{{si,pi), {sn,Pn)} (Y = Y{{si,pi), {sn,Pn)} i), 
there exists a uniquely determined unfolded system that describes a massless spin- 
Y field, with all gauge symmetries being manifest. The system has the form of a 
covariant constancy equation 

Vujp = 0, LUpE Wp, 

56 = ^^^0, ^0 e Wo, (1.1) 



^In addition to the Young symmetry conditions, extra restrictions (with the aid of invariant 
tensors: Levi-Civita for sl{d), metric and Levi-Civita for so{d)) have to be imposed on the tensors to 
make them irreducible. In what foUows it is important that irreducible so(d)-tensors are traceless. 
No special consideration is given to (anti)-self dual fields, see Appendix B. 

^In the case of fermionic representations of orthogonal algebras, i.e., spin-tensors, the tensor 
part of a spin-tensor (all but one spinor indices can be converted pairwise to tensor indices by 
means of F-matrices, hence, we consider spin-tensors with one spinor index only) is characterized 
by Young diagram, which is labeled by the subscript i, e.g., an irreducible rank-two symmetric 
tensor-spinor ip°''°-'' satisfies F"^^'''"^ = and belongs to Y{2} 1 . The connection with the standard 
Gelfan-Zeitlin labels is obvious. Additional conditions, viz., Majorana, Weyl and Major ana- Weyl 
are irrelevant to the problems concerned. 
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where W = certain graded space, "D is a nilpotent operator of degree 

(+1), V : ^ Wq+i and = 0. Gauge fields take values in Wp, where 
p — YllZi Pi is the height of Young diagram Y, the first level gauge parameters in 
Wp-ii the second level gauge parameters in Wp_2 and so on. The gauge invariance 
is manifest by virtue of "D^ = 0. The reducibility of gauge transformations is similar 
to those of totally anti-symmetric fields. 

Space Wp, which contains the gauge fields of the unfolded system, is a graded by 
nonnegative integer = 0, 1, ... set of differential forms Wp — {oj^°,uj^^, oj^g, ...}, 
qo = p. Diagrams that characterize so{d — 1, l)-irreducible representations, in 
which the fields and gauge parameters take values, are uniquely determined by the 
initial diagram Y = Y{{si,pi), (s7v,PAr)}(i) of 5o{d — 2). 

The dynamical field is incorporated in a p-form a;^° G W^^'^ that takes values 
in the irreducible represent ation(irre]?) of the Lorentz algebra so{d — 1, 1) that is 
characterized by Young diagram Yq of the form 







si-1 


Pi 






P2 


S2 - 


- 1 




Sn 
Pn 


- 1 





(1.2) 



i.e., it is obtained by cutting off the first column of Y. All other gauge fields in 
the system arc auxiliary and can be expressed in terms of derivatives of ou^". It is 

convenient to enumerate the Lorentz- irre]:>s in which gauge fields cUq/ take values by 
a pair {n, k} of integers. Roughly speaking, the first integer is related to the number 
of the block of Y, n — N,..., 0, the second one is related to the relative length of 
the n-th and (n -|- l)-th blocks. The 5o{d — 1, l)-irreps Yg=Q,...,Yg=(^SN-i) given 
by Y^n,k} with n — N, k — 0...{sn — of the form 



Pi 




Si -I 


P2 


S2 - 


- 1 




Sn 
Pn 


- 1 




k 







The diagrams Y^ with g = sjv...(sjv-i — 1) are given by Y^n,k} with n 



(1.3) 
N -1, 
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k — 0...(sAr_i — sn — 1) of the form 



si-l 



Pi 



S2 



P2 

Pn 



sn-1 



[lA) 



and analogously for the rest of with g < Si. The diagrams with g — Si, Si + 
1, ... are given by Y{„ fe} with n = 0, /c = 0, 1, ... of the form 



Pi 



S2-1 



P2 



Pn 



An. 



T 



S2-S3-1 



S1-S2-1 



:i.5) 



Gauge fields cuq/ for g ^ {n — N,k} are {pi + ... +piv)-forms, gauge fields c^q/ for 
g {n = iV— 1, A;} arc (pi + ...+p]v-i) -forms, gauge fields cUq^ for g {n = 0,k} 
arc zero-forms. Hence, form degree function qg is completely defined. The grade g is 
equal to the element number (starting from zero) in the set of pairs {n, k} ordered 
by k in increasing order and, then, by n in decreasing order. 

Space Wp_i, which contains the first level gauge parameters of the system, is a 
set of forms with values in the same so{d — 1, l)-irreps as gauge fields but the form 
degree is less by one, i.e., Wp-i = {^qj'-i, ^q,'_i, •••}• The sector >V^_i for 

g > Sl is trivial du to = 0. Analogously, spaces Wq for g < p — 1 and q > p 
can be defined. To sum up, the element of space Wp±i at grade g ~ {n, k} is a 
degree-{qg ± i) form with values in Y^ = Y{„ fe} irrep of the Lorentz algebra. 

The Minkowski background space is described in terms of vielbein(tctrad) h'^^dx^ 
and Lorentz spin-connection vj^^dx^, which determines Lorentz-covariant derivative 
Dl = d + zu. 

When reduced to the full system has the form 



(7_ 



1g 



(1.6) 

where operator "D is a sum V — Dl — C- of Lorentz-covariant derivative and 
certain nilpotent operator (7_ : /\^ ®Yg+i y\^9+Ag+i ^Yg, Ag — qg — g^+i > 0, 
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(cr_)^ = 0, built of background vielbein h'^^dx^, which is unambiguously fixed by 
the symmetry of and Y^+i. (t_ contracts (A^ + 1) vielbeins /i" with the tensor 
representing Y^+i to obtain the tensor with the symmetry of Y^, appropriate Young 
symmetrizers are implied. 

Since cr_ affects tensor indices only it is correctly defined on spin-tensors too and 
does not violate the F-tracelessness condition. The unfolded equations for fermions 
have the same form as for bosons, the irreducible tensors are to be replaced with 
corresponding spin-tensors. 

The case of the last block of the length one, i.e., single column, is not special 
but requires some comments. Since (sat — 1) = 0, it is not possible to add a cell 
to the bottom-left of the A^-th block of Yq, therefore, Y s^n=N,k=o} = Yq is the 
only diagram with n = N and diagram Y{„=jv-i,fc=o} = ^g=i has the symmetry of 
Y{(si - {sn-1 - l,Piv-i), (1,P7V + !)}• 

Subspace W^'''^ with definite n forms an irreducible module of iso{d — 1,1), 
whereas the subspace with definite both n and k forms a finite-dimensional irre- 
ducible module of so{d — 1, 1), i.e., an irreducible Lorentz tensor, characterized by 
Yg, as was stated above. The intervals of constancy of qg correspond to gn,k with 
definite n, i.e., the set of forms, on which a certain irreducible iso{d — 1, l)-module 
is realized, all have the same degree. 

Let us also note that Wk>p are infinite-dimensional, whereas Wk<p are finite- 
dimensional. The higher degree spaces Wk>p correspond to the equations of motion 
(>Vk=p+i) and Bianchi identities (Wk>p+i), which manifest the gauge symmetries. 
Most of the equations express higher grade g > fields via the derivatives of phys- 
ical field uli'^° and only certain elements of W^~p_|_-^ impose on 00'^° second order 
dynamical equations. The significance of the fields with (7 > is to make all gauge 
symmetries be manifest. 

2 Mixed- Symmetry Fields in Minkowski Space 

The types of the Minkowski space particles, being, by definition, in one-to-one corre- 
spondence with unitary irreducible representations(«zrrej>) of the Poincare algebra 
iso{d — 1, 1), in the case of four space-time dimensions were classified by Wigner in 

Leaving out the details of the Wigner's construction, for recent reviews and for 
generalization to an arbitrary space-time dimension d see |38], important is that 
given ^ and a uirrep Y of the Wigner's little algebra, being so{d — 1) for 

> and so{d — 2) for = 0, there exists a standard procedure to construct 
a uirrep of iso{d — 1,1), which is called a massive (massless) particle of spin-Y. 
So-called continuous or infinite spin particles |37j, [39j are not considered in this 
paper. Therefore, physical degrees of freedom for massive and massless particles are 
classified by irreducible tensors of so{d — 1) and so{d — 2), respectively. 

More elaborated are the two cases of totally-symmetric spin-s particles Y = 
Y{s} = Y{(s, 1)} [101 [H [ID], viz., scalar, vector, graviton, and of totally anti- 
symmetric spin-p particles Y = Y{(l,p)} [121 [131 El] • The others are referred to col- 
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lectively as mixed-symmetry, the simplest one being Y = Y{2, 1} = Y{(2, 1), (1, 1)}. 

Yet different problem is to realize a uirrep of iso{d — 1, 1) on the solutions of a 
wave equation for a field (PymI^)^ which takes values in a certain representation Ym 
of the Lorentz algebra 50 (d — l, 1), i.e., 0Ym(^) is a Lorentz tensor or a set of tensors. 
As field theories free particles can be described in either non-gauge or gauge way, 
in the former case a uirrep of iso{d — 1,1) is realized on the solutions of the wave 
equation directly, whereas for the latter case a uirrep of iso{d — l, 1) is realized on the 
quotient of the solutions by certain specific solutions, called pure gauge. The wave 
equation (□-(-m^)0YM(^) — 0; which fixes the quadratic Casimir of iso{d— 1, 1), 
is generally supplemented with a set of algebraic /differential constraints to single 
out an irreducible, in the sense of the little algebra, component. Field 0Ym(^) takes 
values in a certain finite-dimensional representation of so{d — 1,1), which is not 
irreducible in most cases, nevertheless it can be made irreducible when dealing with 
free equations of motion only. Yet more different problem is to realize an irrep of 
iso{d — 1, 1) on the solutions of the variational problem for some action, in most 
cases the procedure requires a set of auxiliary fields, which carry no physical degrees 
of freedom. 

The choice of so{d — 1, 1) -represent at ion Ym (even if irreducible), in which field 
(j)YMi.^) takes values, is not unique, e.g., a free massless spin-one particle can be 
described either by a gauge potential A^{x) subjected to 

nA^-d,d''A, = 0, 6A^ = d,^, (2.1) 

or by a field strength F^^ subjected to 

d^F^, = 0, d^^F^p] = 0. (2.2) 

In the case of a massless spin- two particle (Y = 03^0(^^-2)), in addition to the con- 
ventional description in terms of the metric g^^, 

Rf^u - \9^.uR = (2.3) 

the Weyl tensor C^y^\p known to have the symmetry of can describe a free 
spin-two in a non gauge way 

= 0. d^Cpx,uu = 0. (2.4) 

Another example is a Ad massless scalar particle, which can be described either 
by a scalar field 0(a;) subjected to = or, more exotically, by an antisymmetric 
gauge field u^u (so-called notoph [H]) subjected to 

□t^Mi. - d^dPujp^ + dyd^Up^ = 0, 6ujp^ = d^^^ - d^^^. (2.5) 

This equation describes a massless particle with spin-Bso(rf_2) = Y{1, ^}so{d-2)^ which 
for c? = 4 by virtue of the so{d — 2) Levi-Civita tensor eij is equivalent to a scalar. 



Hn antisymmetric basis C^i.,Ap satisfies Cp^,\p = -C^^,\p, C^^^\p = -Ci_,^,p\ and C[^,.,A]p = 0. 
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Y{1, l}5o(rf_2) ~ Y{0, 0}^p(^_2)- On the other hand, a scalar particle can be described 
by a rank-d antisymmetric field oj^^,,,^^ satisfying Dct;^^ ..^^ = 0, where the use of 
5o((i — 1, l)-duality is made of, cu^i.../^^ = These two types of duality are 

referred to as trivial. 

The general statement is that free particles can be described by an infinite num- 
ber of ways, called dual descriptions [121 SSI SH SSI SS], but dual theories exhibit 
certain difficulties while introducing interactions [HI SSI SSI ED] , e.g., despite the fact 
that free massless spin-one and spin-two particles can be described by the Maxwell 
field strength and by the Weyl tensor, respectively, introducing interactions requires 
the corresponding gauge potentials and g^i, to be brought in. 

There exists a distinguished choice of so((i— 1, l)-irrep Y^, in which field 0Ym(^) 
takes values, that can be referred to as fundamental or minimal. For the minimal 
description of a spin-Y particle the spin degrees of freedom and the so{d — l, l)-irrep 
Ym are characterized by the same Young diagram, i.e., Ym = Y, e.g., a spin-one 
particle hj A^, a spin-two by g^u- All other descriptions are referred to as dual. It 
is the minimal descriptions that will be discussed further, by this reason the term 
spin-Y particle can be substituted for more accepted spin-Y field. 

A massive totally symmetric spin-s field can be described by a totally sym- 
metric tensor field subjected to 

(□ + m2)0^^...^^ =0, 

d-'iPu,,...,. = 0, (2.6) 

where the last equation (tracelessness condition) makes the tensor irreducible in the 
so{d — 1, 1) sense, the first one puts the system on-mass-shell and the second one 
projects out the components orthogonal to the momentum, restricting (j)^^,,,^^ to 
contain only a spin-s irrep oi so{d — \) . 

Analogously, a massive totally anti-symmetric spin-p field, i.e., Y = Y{(l,p)}, 
can be described by a totally anti-symmetric tensor field uj\^^^,,,^^] subjected to 

O ^u^i2...^ip — U, 

where the tracelessness condition becomes trivial for anti-symmetric tensors. 

These two results are easily generalized to an arbitrary spin-Y{si, Sn} massive 
field, which can be minimally described by a symmetric in each group of indices 
tensor field 0^ji(.i),M2(s2),.-,Mn(sn) subjected to 

9^ 0/ll(si),/12(s2)viMn(Sn) ~ ^5 

4'^J.-i{sl),...,{t^k{sk),■■■,^^k)^J■i{si-l),■■■,^^n{s■n) = 0, 

''7^'^^ 0Ml(si),At2(s2)viMri(Sn) ~ 

where the last two conditions are just the Young symmetry and the tracelessness 
conditions, which make the field carry an irrep-Y{si, s„} of so{d — 1,1), and can 



i e [l,n], 

G [1, n — 1], k < i, 
hJ e [l,n]. 



(2. 
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be thought of as the part of the definition of field 0Ym(^)- The first equation puts 
the system on-mass-shell, the second one projects out all so{d — l)-irreps, which the 
tensor 4>^J.l{sl),^l2is2),...,^ip{sp) decomposes into, except for the one with the symmetry of 
Y{si, Sn} so{d — l)-diagram. 

Let D (m^; Y{si, be an iso((i — 1,1) module extracted by (12.81) . being 
irreducible for 7^ or for Y{0} (scalar field). Since minimally described massless 
fields are gauge theories a uirrep "K (0; Y{si, s„}) of iso{d —1,1) corresponding 
to a massless spin-Y{si, ...,s„} field should be defined as appropriate quotient by 
the pure gauge solutions of the form 

— > gauge solutions — > all solutions — > "K (0; Y{si, s„}) — > 0, (2.9) 

where the sequence is non-split, as there is no so{d — 1, l)-covariant way to extract 
so{d — 2)-irrep Y{si,...,s„} from the Lorentz tensor with the same symmetry of 
Y{si, Sn} by virtue of a single so{d — 1, l)-vector, the momentum ~ d^. 

A massless totally symmetric spin-s field can be described as the quotient of 
(12. 6p with = by pure gauge solutions of the form 50^1. ..^^ = c^(^ii^/x2.../is)) where 
is a totally symmetric gauge parameter subjected to the equations of the 
same form (12. 6p . i.e., on-mass-shell, tracelessness and transversality, thus, belonging 
to T> (0; Y{s - 1}). The definition of % (0; Y{s}) is given by 

^ 2) (0; Y{{s - 1, 1)}) ^ 2) (0; Y{(s, 1)}) — (0; Y{(s, 1)}) 0. (2.10) 

There is a bit difference for a totally anti-symmetric spin-p massless field. Pure 
gauge solutions are defined analogously as = d[^^^^^,„f,^], where is 

a rank-(p — 1) antisymmetric gauge parameter subjected to the equation of the same 
form (12. 7p and, thus, belonging to D (0; Y{(l,p — 1)}). In contrast to a totally sym- 
metric spin-s massless field, the gauge transformations are reducible in the sense that 
S^tii...fip = provided that one transforms gauge parameter S^i,^,„fj,^_^ = 9[^i^^2...^p_i] 
with a second level rank-(j9 — 2) antisymmetric gauge parameter ^[^i...^p_2], and so 
on. Some components (parallel to the momentum) of the first level gauge parameter 
contribute to the gauge law for uj^j,^,,,^^, these are represented by the 
second level gauge parameter ^^^...^p_2 modulo those components of i^^...^p_2 that 
do not contribute to ^^^...^^^^ and so on till 5^^ = d^^. Gauge parameters 
■C/ii-.-Atp-fe' ^ ^ i^yP] ^ referred to as the first level, the k-th level and the 
deepest level of reducibihty, respectively. The corresponding iso{d — 1, l)-uirrep is 
given by a non-split exact sequence of the form 

^ 2) (0; Y{(0, 0)}) D (0; Y{(1, 1)}) 

^2) (0; Y{(l,p)}) % (0; Y{{l,p)}) ^ 0. (2.11) 

For example. Maxwell gauge potential possesses gauge parameters of the first 
level only as p = 1 in this case. 

Though, a considerable success in describing on-mass-shell massless fields was 
achieved, for instance, within the light-cone approach [52] , there are many reasons to 
have an off- shell gauge symmetry, i.e., to construct equations that are invariant with 
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respect to gauge transformations with gauge parameters not subjected to = 0. 
To make the symmetry off-shell generally requires to relax the irreducibility of the 
so{d — 1, l)-representation in which field (pYi^) takes values. 

For instance, a massless totally symmetric spin-s field can be described[53] by a 
traceless rank-s symmetric field (pp,^...^^ with an off- shell gauge symmetry 

- sd^p,d''(p^p,,„p^) + ^4^r7(^^^^5''5^0^p^3„,^,) = 0, 0^^3...^^ = 0, 
= '9(mi^/^2...ms)5 C^^,s-f^s-i = 0, d''^^p2,„p^_^) = 0, (2.12) 

where in order for to be traceless the gauge parameter has to be not only 

traceless but transverse also, this still being true for general mixed-symmetry fields. 
Apparently, to get rid of any differential constraints on gauge parameters, the trace- 
lessness constraint for field (^^-^...fj.^ has to be relaxed. The same spin-s massless field 
can be described[lj by field subjected tcEl 

where in order to get rid of any differential constraints on gauge parameters a trace- 
lessness is relaxed to a double-tracelessness, i.e., field (p^^...^^ takes values in the 
direct sum of two 5o((i — 1, l)-irreps, being symmetric traceless tensors of ranks s 
and (s — 2). The general statement is that for equations of motion to have an off- 
shell gauge symmetry the 5o{d — 1, l)-irrep in which field 4>y{x) takes values has to 
be reducible, with additional direct summands representing certain nonzero traces. 
These additional fields are called auxiliary and carry no physical degrees of freedom. 
Imposing certain gauge, equations fl2.8p can be restored. 

A massless totally antisymmetric spin-p field can be described by an antisym- 
metric rank-p tensor field subjected to 

where the symmetry at the all levels of reducibility is manifest and off-shell, i.e., 
S^fii...iip.i = d[p^^p2--i^p-i] foi' the second level gauge parameter ^^.^...^^.j not subjected 
to any differential constraints, and analogously for the gauge symmetries at deeper 
levels. 

Much similar to totally anti-symmetric fields mixed-symmetry massless fields 
possess reducible gauge transformations, i.e., for a field with equations of motion 
invariant under gauge transformations 6^-^(f) = Yli^ there exist the second level 
gauge transformations = X^ia such that S^^cj) = 0, there exist the third 

level gauge transformations %^2^ = J^i^ ^Cs^ ^^^h that 5^3,^1 = and so on. The 
difference from totally anti-symmetric fields is in that there are generally more than 
one gauge parameters at each level of reducibility (enumerated by index at the 
k-th level). 



^Obtained from the Lagrangian, equations of 1 have the form G^i...^, — 
^^~^^(MiM2^''iyu3 Us) — 0, where G^^...^^ is equal to p.l3p . the two forms being equiva- 



4 '/(MlM2'-^ iyfj,3...fj,s) 

lent. 
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For instance, the simplest mixed-symmetry massless field has the spin-P and 
can be minimally described |16l [T7] by a field which is anti-symmetric in the 

first two indices and satisfies Young symmetry conditioij^ (f)[fj.f_i,u] = 0. The equations 
of motion 

□0^^,A + 2a[^aV^]A,. - 9,9V^^,A - '2d,d[^(l)^^^^ = (2.15) 
are invariant under 

5<l>,,,u = + d[,^X - ^-C' (2-16) 

with symmetric and anti-symmetric gauge parameters ^^^^-^ and ^^,^y Let us stress 
that to maintain an off-shell gauge symmetry field (f)[^^],u has to take values in a 
reducible so{d — 1,1) representation, P © □, so does symmetric gauge parameter 
^ff^fj_), •, which is in accordance with (p^,^^^ ^ and ^^'^ ^ 0. Analogously to 
totally anti-symmetric fields there exist second level gauge transformations with a 
vector parameter 

Ht^t^,u = 0, 

<. = im.-5.u. (2. IT) 

In this case IK ^0; is given by a non-split exact sequence of the form 

— >D(0;n) — > D (0;B) ©D(0;m) — ^ D (o;F) — ^K:(o;F) — ^0 (2.18) 

In the general case of a massless spin-Y = Y{(si,pi), {sn,Pn)} fieldthe depth 
of reducibility of gauge transformations is equal to p = X]i=]^ Pi^ where p is the height 
of the first column of the Young diagram and at the r-th level of reducibility gauge 
parameters have the symmetry of 



Pi 


si-l 




S2 - 


1 




















P2 










Pn 




kN 





5^fc, = ^p,-r (2.19) 



i=l i=l 

This pattern of reducibility of gauge transformations will be of great importance 
while constructing the unfolded formulation in Section HI As is easily seen, at the 

^In more detail, the field 0piy,A satisfies (t)^u,x — -0i//i,A, 4'tiu,x + 4'u\,tj. + 4>\tj,,v ~ 0. Equivalently, 
a symmetric basis can be used, i.e, ^ = (f)^^ ^, ^ + 0^;^ ^ + cjyf^ ^ ~ ^- The two bases are 

related by <^f^,) , = ^(0;tA,. + €x,,)^ '<H,a = 7^(4^,. " -^^A,;.)- 
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first level of reducibility, the gauge parameters are various tensors, whose Lorentz 
Young diagrams are obtained by cutting off one cell from the original so{d — 2)- 
diagram in all possible ways, i.e., the number of gauge parameters at the first level 
is equal to the number of blocks N, e.g., two for spin-B~'. There is only one gauge 
parameter at the deepest level of reducibility, whose Young diagram is obtained by 
cutting off the first column from Y, e.g., □ for spin-B~'. 

This pattern corresponds, of course, to on-s/ie// equations, i.e., the gauge param- 
eters taking values in so{d — 1, l)-irreps of Young symmetry fl2.19p are subjected 
to fl2.8p -like equations. To obtain an off-shell gauge symmetry the field content has 
to be extended to take values in certain reducible so{d — 1, l)-representations, ad- 
ditional components turn out can be identified with certain traces of a single field 
with the symmetry of Y as an sl{d)-tensoT. In general, gauge parameters are also 
reducible tensors with the symmetry of (12.191) . In the case of a spin-B~' massless field, 
the trace (j)^^ '^ in the sector of fields and the trace ^^'^ in the sector of gauge param- 
eters are the additional components. In the general case of a spin-Y = Y{si, s„} 
massless field, field 0/xi(si),/i2{s2),...,Mn(s„) should satisfy [20] 

r/'^»^^r/^^'^'0^,(,,),^,(,,),...,^„(,„) = 0, te [l,n], (2.20) 

which is a generalization of the Fronsdal's double-trace condition (I2.13p . As it will be 
shown, this condition naturally arises in the unfolded approach. Note that double- 
tracelessness is imposed on each group of symmetric indices and it is not required 
for cross-traces to vanish. 

Let a generalized Weyl tensor for a minimally described spin-Y massless field be 
a gauge- invariant combination of the least order in derivatives of field (I>y{x) that is 
allowed to be nonzero on-mass-shell. On the other hand it is the generalized Weyl 
tensor that the minimal non-gauge description of a massless spin-Y field is based 
on. For a spin-Y = Y{{si,pi), ...,{sN,PN)}so(^d-2) massless field the generalized 
Weyl tensor has the symmetry of Y{(si,pi + 1), (s2,P2), {sn.Pn)} so(d-i,i) and is 
of the si-th order in derivatives. In the case of spin-one (Y = Uso(d-2)) Maxwell field 
strength F^y with the symmetry of B can be also called a generalized Weyl tensor. 

Fermionic mixed-symmetry fields share most features of bosonic ones, viz., the 
reducibility of gauge transformations, the enlargement of the field content for the 
equations of motion to possess an off-shell gauge invariance. The difference is that 
the equations for fermions have the first order in derivatives and the irreducibility of 
spin-tensors is achieved by the F-tracelessness conditioE0 instead of the tracelessness 
one. 

For example, a massless totally symmetric spin-(s + |) field can be described 

'^r^ are the ClifFord algebra generators and satisfy r^r^ + F^r^ = 2ryp,y, ^ = F^S^. F-trace is 
a contraction of a spinor index and one tensor index with F^, e.g., T^cj)'^'' = pcf)^''^" . 
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off-shell^^ by a totally symmetric spin-tensor field 4>a;{^ii...fj.s) subjected tc|^ 



TTT'^d ^ = T"^ = 



(2.21) 



where in order to get an ojf- shell gauge invariance the irreducibility of 4>a;{^i^...p.s) has 
to be relaxed to the triple F-tracelessness. 

A massless totally anti-symmetric spin-Y{(l,p)}i field can be described off-shell 

2 

by a totally anti-symmetric spin-tensor field i^a■,[^ll...^lp\ subjected to 



Similar to the bosonic case, (I2.22p possesses reducible gauge transformations. The 
difference is that one can impose the triple F-tracelessness on uj^-^^-^,,,^^] but this 
restricts the first level gauge parameter to be F-traceless, T^iu^2-tip-i = O5 ^^d, 
hence, the second order gauge parameter has to be on-mass- shell, i.e., ^^^i...^p_2 = 0. 
Therefore, for equations of motion to possess an off-shell gauge symmetry of all 
orders no F-trace conditions have to be imposed on field/gauge parameters. 

In the general case of a massless spin-Y = Y{(si,pi), (stvjPat)} i field, the 
pattern of gauge symmetries is given by the spin-tensors with the tensor part de- 
scribed by fl2.19p . the definition of the Weyl tensor remains unchanged also. 

The descriptions based on tensor field 0/ii(si),/i2{s2)v,/in(s„)) which is analogous to 
the metric g^v, are referred to as metric-like. At least in writing □ = d^^dpiri^^ the 
explicit use of metric r]^^ is made of, which complicates the issue of introducing 
interactions with gravitation. 

Let us note that in principle one can verify the gauge invariance of the field 
equations for massless mixed-symmetry fields despite the fact that the very form of 
gauge transformation is cumbersome due to Young symmetrizers. The advantage 
of the unfolded approach is in that gauge invariance at all levels of reducibility is 
manifest . 

3 Unfolding Dynamics and (j_ Cohomology 

In this section we, first, recall the definition of unfolding and the relation of the sim- 
plest unfolded systems to Lie algebras/modules and Chevalley-Eilenberg cohomology 
with coefficients. Second, peculiar properties of unfolded systems that describe free 
fields and specifically the so-called (T_ cohomology concept are recalled. Third, the 
very procedure of constructing the unfolded form is illustrated on the examples of 
massless spin-zero, spin-one, arbitrary totally symmetric spin-s and spin-(s -|- |) 
fields, the relation with the general statement of Section [T] is pointed out in each of 
the examples. 

^Obtained from the Lagrangian, equations of [l^ have the form G^i...p^ — ^^{fj.i^^Gi,^^,,,^^) — 



^\^'?(MiM2G"'^;.3 = 0. G^i.../., = Hi^i-t^s - sd^f.^Vcj)^^^,,,^^-, = 0, which is equivalent to 




fJ-i ■■■IJ.p 




(2.22) 
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3.1 General Features 

Some dynamical system is said to be unfolded [311 ESI [33] if it has the form 

dW-^ = F^{W), (3.1) 

where W-^ is a set@ of differential forms of degree-g^ on some ci-dimensional manifold 
M-d, d - exterior differential on M.^ and F-^(H^) is an arbitrary degree-(g^ + 1) 
function of W-^ assumed to be expandable in terms of exterior (wedge) products 
onl^H 



F^iW) = J2 E f\...6,W''^^...AW'''% (3.2) 

"=1 <lBi+-+'lB„='lA + '^ 

where f\,„B^ are constant coefficients satisfying f\,„BiB,...B„ = (-f f\...BjBi...Bn 
Moreover, F'^{W) must satisfy the integrability condition (called generalized Jacobi 
identity) obtained by applying d to (13.11) 

Any solution of (13.31) defines a free differential algebra (FDA) J55 l 1561 1571 158] . If Ja- 
cobi identities (13.31) are satisfied irrespective of A^f^ dimension^^l. the free differential 
algebra is referred to as universal [TOl [59] . It is the universal algebras only that will 
be considered further. 

Equations (13. ip are invariant under gauge transformations 

SF^ 

^< = <-i + 4-i^' forg^>0, (3.4) 
S F^ 

51^0^ = ef^, B':qB' = l, for = 0, (3.5) 

where Cq^.i is a degree-(g^ — 1) form taking values in the same space as W^^. In 
its turn, 5W^^ = can be treated as unfolded-like system for ^^^-i, i-e., c^eq_4_i = 
— eqg_i|^, there emerge second level gauge transformations 

A A B ^-^"^ 

provided that F-^{W) is linear in matter fields and analogously for the gauge trans- 
formations at deeper levels. Therefore, the reducibility of gauge transformations is 
manifest in the unfolded approach. For a degree-g_4 gauge field there exist 
levels of gauge transformations. 



^In this section indices A, B, C are of arbitrary nature. In the cases of practical significance A, 
B, C vary over certain irreps of the Lorentz algebra. 

^°The wedge symbol A will be systematically omitted further. 

"'^"'^As the forms with the rank greater than d are identically zero, there exist certain identities, 
e.g., Wn A Wn = for n + m > d, which make the operator to be ill-behaved. 
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The use of the exterior algebra respects diffeomorphisms, which is very appropri- 
ate for introducing interactions with the gravitation. The whole information about 
the dynamics turns out to be contained in F-^(W) and one can even extend an 
unfolded system to other manifolds [59] simply by changing the exterior differential, 
the new unfolded system has literally the same form. 

Note that introducing enough auxiliary fields it is possible to reformulate any 
dynamical system in the unfolded form, although it may be difficult to unfold some 
particular system or to find all unfolded forms. 

Collected below are some important cases of unfolded systems, which have a 
direct bearing on Lie algebras [551 ES] • 

Lie algebras/Flat connections. Let fl^ = flj^dx^ be a subsector of degree-one 
forms. The only self-closed unfolded equations are of the form 

dQ^ = -fjj^Q^Q^. (3.7) 

Generalized Jacobi identity fl3.3p implies the Jacobi identity fjj^flj^VL^VL^Vt^^ = 
for some Lie algebra g with structure constants /J^. Therefore, the closed 
subsector of one-forms is in one-to-one correspondence with Lie algebras and 
( 13. 7p is the fiatness condition for a connection of g. This provides a 
coordinate-independent framework for describing background geometry. In 
the cases of interest, q is iso{d — 1, 1), so{d — 1,2), so{d, 1) and sp{2n) [5U] . 
Background geometry connection is assumed to be of order zero, whereas 
all matter fields, including dynamical gravitation, are of the first order. All 
equations are assumed to be of the first order in matter fields and, hence, 
describe free fields only. 

In this paper g = iso{d — 1,1) and = {ro"'^, /;,'*}, where ro"'^ = w'^^^dx^ 
is a Lorentz spin-connection and h"- = h'^^dx^ is a background vielbein, which 
defines a non-holonomic basis of a tangent space at each point of the manifold. 
Flatness equation fl3.7p for \so{d — 1, l)-connection VL^ reads 

dK" + w''\h^ = 0, 

The first is the zero torsion equation that expresses the Lorentz spin-connection 
via the first derivative of /i^. The second can be recognized as the zero curva- 
ture equation. For example, in Cartesian coordinates the explicit solution is 
w"/ = and /i" = 5". 

The advantage of description of background geometry as the fiatness condition 
for a connection of the space-time symmetry algebra is in that this way is 
coordinate- independent. In what follows we assume w""'^, h'^ to satisfy (13.80 . 
which is enough if there is no need for the explicit form of the solution in some 
particular coordinate system. For instance, in (anti)-de Sitter space (13. 8p is 
modified by the terms proportional to the cosmological constant 

dh'' + w'^^h^ = 0, 

d^'^>b ^ ^a, c,6 ^ ^2f^aj^b ^ q (3-9) 
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and admits no simple solutions with h'^ = 5^, zu"-'^ = 0. Nevertheless, without 
giving the explicit solution, to imply that zu"-'^, h"- satisfy (13.91) is sufficient for 
general analysis, e.g., for constructing Lagrangians |60j . 

Contractible FDA. The simplest equations linear in matter fields of the form 

dW^ = f^W^^, (3.10) 

can be reduced by linear transformations to either 

dW^ = W^_,^, dW^^^ = 0, (3.11) 

or 

dW^ = 0, (3.12) 

where the second equation of (13. lip is the consequence of Jacobi identities 
(13. 3p for the ffist one. In the ffist case, by virtue of gauge transformations 
1^ SW^ = + Xq , 5W^q+i = dxi the field can be gauged away. In 

both cases, by virtue of the Poincare's Lemma these equations are dynamically 
empty and correspond to the co-called contractible FDAs 

0-modules/Covariant constancy equations. Let be a closed subsector of 
g-forms of matter gauge fields. Linear in matter fields equations may involve 
the background 0-connection , which is of zeroth order. Such equations 
referred to as linearized over q background (described by any solution of 
(13. 7p ) have the form 

dW^ = -n'fj\W^. (3.13) 
Jacobi identity (13.30 . where (13.70 is also taken into account, 

n'n'' {-fjKfi^B + fAfK%) < = (3.14) 

implies //"^g to realize a representation of 0. Therefore, the closed subsector 
of forms of definite degree is in one-to-one correspondence with g-modules, 
whereas 

D^W^ = dW^ + n'fj-^^W^ = (3.15) 

is a covariant constancy equation and (-Dq)^ = since the connection is 
fiat (13. 7p . In the cases of interest, A runs over certain finite-dimensional 
so{d — 1, l)-irreps, i.e., g-modules decompose with respect to its subalgebra 
so{d — 1,1) C g into a direct sum of certain irreducible tensors. This is why 
we single out the Lorentz-covariant derivative from the whole g-covariant 
derivative Dq, the remaining part acts vertically (algebraically). In the case 
of fl^ being an iso{d — 1, 1) flat connection, the Lorentz covariant derivative 
= d + zu satisfy Dl^ = 0, as the exterior differential d does. 

In Cartesian coordinates Dl = d and we do not make any distinction between 
d and Dl, whereas in (anti)-de Sitter {Dl)"^ ^ and the difference between d 
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and Dl has to be taken into account. Also, zero torsion equation (I3.8I 1) can 
be rewritten as D^h"- = 0. The remaining part of , which acts algebraically 
and mixes different so{d—l, l)-modules into g- modules is associated with the 
generators of translations with gauge field h"-. 

Gluing 0-modules/Chevalley-Eilenberg cohomology. Let Wp, and Wr take 
values in g-modules TZi, IZ2 and 7^3, the representations are realized by oper- 
ators Ti, T2 and T3, respectively. Still linear in matter fields but nonlinear in 
background connection VL^ equations are of the form 

D^w^ = dw^ + T2in)w^ = /23(fi, n)Wr, (3.17) 

where the terms forming g-covariant derivative are isolated on the l.h.s. The 
two 0-modules TZi, IZ2 appear to be glued together by the term /i2(f^, f^) G 
Hom(AP~«+i(g) ®7^2,7^l). Jacobi identity ([S3D implies /i2(fi, to be a 

Chevalley-Eilenberg cocycle with coefficients in TZ"^ ® TZi, where is a mod- 
ule contragradient to 7I2, and /i2(^, ^)/23(^5 ^) = 0. Coboundaries can 
be proved to be dynamically empty and can be removed by a field redefini- 
tion. Consequently, fu^fl, should be a nontrivial representative of the 
Chevalley-Eilenberg cohomology group with coefficients in ®7^i- If follows 
also that nothing but zero forms can be joined to zero forms, i.e., the only 
possible linearized unfolded equations on forms of zero degree are fl3.15p with 
q = 0. 

For any dynamical system, linearized over certain g-background (described by 
any solution fl^ of (13. 7p ). equations of motion (13.151) along with gauge transforma- 
tions of all orders of reducibility acquire a very simple form 

. . . , 

SCp.r = DnCp_2, (3.18) 
DnWp = 0, 

where Wp takes values in certain g-module 71, Dq is the associated g-covariant 
derivative and ^p-k, k G [l,p] are the gauge parameters of k-th order of reducibility 
taking values in the same g-module TZ and being forms of degree {p — k). The 
gauge invariance at each order of reducibility and of equations of motion is due 
to (Dq)'^ = 0. In some sense the gauge fields Wp and the gauge parameters ^p_k 
seem to play the same role at the linearized level. This uniformity is of essential 
importance when analyzing unfolded systems. 

In the presence of gluing terms, e.g., when only two modules, say TZi and 7^2, are 
glued by nontrivial Chevalley-Eilenberg cocycle fpr{^, ...,fl) full chain of equations 
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and gauge transformations fl3.18l) is modified tc0 





-^f^Sp-r 


-1' 










= -Dn^p-r 












• • ) 

= 


+ fpi-iyi, . 


■.mr-2, 




• • 5 




= ^n^p-i 


+ fpj.(yi, . 






= mil, 


DnW^ 










= 0, 



where W^, ^p_k and W^, ^r-m ^^^e values in g-modules TZi and 7^2, respectively. 
Important is that the gauge fields/parameters taking values in 7^.2 contribute to the 
r.h.s. of the equations/gauge transformations for the gauge fields/parameters taking 
values in TZi but for forms of degree greater than {p — r). The above two systems 
are nothing but the specializations of fl3.ll) . (13.41) . 03.61) . 

Also, let us note that there is no strong reason to make any distinction between 
the terms linear in the background g-connection , which correspond to g-modules, 
and the terms of higher order in , which correspond to Chevalley-Eilenberg co- 
cycles. Both terms can be combined into a single object, the generalized covariant- 
derivative, V = d + T{n) + f{n, = Dn + f{n, with the property = 0. 

Moreover, by means of V (13.191) and (I3.18P can be rewritten in a similar manner. 
Consequently, at the linearized level the most general unfolded equations and gauge 
transformations have the form 

5^r>-i = (3.20) 
VWp = 0, 

where T> is built of d, background connection and satisfies = 0. The gauge 
fields/parameters take values in certain spaces Wq, viz., Wp e Wp, ^p_i G >Vp_i,..., 
^0 £ y^o- The elements of Wq are differential forms with values in certain g- 
modules. It is also convenient to define higher degree spaces Wq>p: the equations 
Rp+i = VWp = take values in Wp+i, -Rp+2 = 7^-Rp+i belongs to Wp+2 and 
by virtue of = satisfies -Rp+2 = and so on. Therefore, there exist certain 
identities, which belong to Wp+2, for the equations, which belong to Wp+i, and 
there exist certain identities, which belong to Wp+3 for the identities in Wp+2 and 
so on. At the field theoretical level these identities correspond to Bianchi identities 
for the first level gauge transformations, higher identities correspond to the Bianchi 
identities for the deeper levels of gauge transformations. 

^^The sign factor (— )p-'"+i before fpr{^, ■■■,^) is ignored and is thought of as the part of the 
definition of fpr{^, 
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A remark should be made that the forms belonging to Wq may have different 
degrees if there are Chevalley-Eilenberg cocycles present. As a result, spaces Wq 
may contain different number of elements. For instance, (13.191) can be reduced to 
(I3.20p if one defines 

where and W^_^j^^ take values in g- modules TZi and 7?.2, respectively. In terms 
of (13.191) the elements of Wq for q < {p — r) were referred to as the elements of 
Wq for q = (p — r)...(p — 1) to as ^q_p_,_j., the elements of Wq for g = p to as W^, 
W^, the elements of Wq for g > p to as i?q, R^_p_^_j. (the equations of motion and 
Bianchi identities). 



3.2 Interpretation of Unfolded Systems Describing free Fields 

When describing free fields, unfolded formulations will be referred to as frame- 
like [611 [60], though the very term frame-like has a more broad definition. These 
systems consist of equations (13.71) . describing background geometry, of a finite chain 
of (I3.17p -like equations, describing the gauge fields of the model and of (I3.17p -like 
equations with q = glued to gauge forms, i.e., it requires a Lie algebra g (commonly 
iso{d — l, 1), so((i— 1, 2) or so{d, 1)), a set of g-modules TZo,...,71n and an appropriate 
set of nontrivial Chevalley-Eilenberg cocycles fo^i,...,fN~i,N- The physical degrees 
of freedom are contained in the forms of zero degree and the module 7^ at in which 
zero degree forms take values is infinite-dimensional. 

Since frame-like unfolded systems contain inevitably infinitely many fields, most 
of them being either auxiliary or Stueckelber^. there arises a problem of reconstruc- 
tion a metric-like formulation by a given unfolded formulation or of extracting the 
dynamical content for a given unfolded system. 

The questions to be answered are: what are the dynamical fields, what are 
the differential gauge parameters and what are the gauge invariant equations of 
motion. These answers are not universal and depend on the chosen scheme of 
interpretation. Different interpretations correspond to dual descriptions of the same 
dynamical system. 

Frame-like unfolded systems are endowed at the linearized level with additional 
structures, providing a natural way for interpretation. Indices A,B,... vary over 
certain finite dimensional Lorentz irreps, i.e., each of Tin, n = 0, .., N decomposes as 
Tin = J2k'^n,k, where T'n,k are certain so{d — 1, l)-modules characterized by Y{n,k} 
Young diagrams of Section [H 

We say that some frame-like unfolded system is given an interpretation if [62] 

1. On the whole space W = 0^o^q' '^here the matter gauge fields, gauge pa- 
rameters, equations of motion and Bianchi identities take values, there exists 

-•^^A field is called Stueckelberg if it can be gauged away by pure algebraic symmetry. 
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The ho- 



a bounded from below grading g = 0,1, i.e., Wq M^g=u - -q- 
mogeneous element of is a certain differential form with values in certain 
so{d — 1, l)-irrep and is denoted as W^. In simplest cases the grade is just the 
rank of the so{d — 1, l)-irrep the element of takes values in. 

2. The closed subsector of one-forms describes a background geometry, viz., 
Minkowski or (anti)-de Sitter. The generalized covariant derivative V is to be 
divided into three parts, the last one not being necessary nontrivial 



V = D, 



(3.22) 



where D]^ is a background Lorentz-covariant derivative and has a zero grade, 
G- is an operator of grade (—1) and 0"+ contains positive grade operators. 
The only differential part is in Dj^, whereas a± acts vertically and is built of 
the background vielbein /i". If two modules are glued the gluing element is 
supposed to be of grade (—1) and also denoted as cr_. 

The equations then have the form 



DlW^ + ^ a+ (iy"+^) = a_ , ^ = 0,1, 



(3.23) 



and analogously for the gauge transformations. In the flat space all operators of 
positive grade appear to be trivial for the massless case. As it does not affect the 
analysis let us consider a simplified version with cr+ = 0. Then, = Dl^ + (t^Dl + 
DLa_ + (cj_)2 = is equivalent to Dl^ = 0, {a_f = and a^Di + DLa_ = 0. The 
first is a part of the flatness condition fl3.8p for the iso{d — 1, l)-connection. The 
second is the nilpotancy condition for cr_. The third is satisfied provided that (j_ is 
twisted by the factor {—)^\ where (Ag + 1) is a degree of cr_, which is equal to the 
number of the vielbeins h"" that a- is built of. Indeed, the vielbeins h"- anticommute 
with Dl and, hence, the action of ct_ is to be twisted by the factor (— )^^ in order 
(T_Di + D^a^ = holds true. Without further mention, the pure sign factor (— )^^ 
will be though of ClS db part of the definition of cr_. 

It is useful to illustrate the action of (J_ when, for example, unfolded equations 
on fields with values in two modules TZi and 7I2 are glued as in fl3.19p 

111 112 

^0 Q — e — e — G e — g — o ^0 




(3.24) 
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where short arrows stand for the action of (J_ within each module and long arrows 
for the action of cr_ between two modules (gluing terms) and dots stand for gauge 
fields/parameters at different grades, bold dots represent the elements of Wp = 

{wl^w^}. 

All information about the dynamics turns out to be concealed in cohomology 
groups of cr_ [02], H(cr_) = Let us analyze unfolded system fl3.2UI) . which 

at grade g has the form 

. . . , 

= DLW^ + a4W^+'), 

Beginning from the deepest level of gauge transformations and from the lowest 
grade, it is obvious that those ^0"*"^ that are not cr_-closed can be treated as Stueck- 
e/6erg'(algebraic) gauge parameters for those that belong to the image of (T_. 
Therefore, those that are a.-exact can be gauged away. The leftover gauge sym- 
metry satisfies 5^1 = Dl^q + a_{^Q~^^) = 0, so that those ^q"*"^ that belong to the 
coimage of (T_ are expressed via derivative of ^q- Having sieved Wq and Wi in 
this way, only those cii'e still independent that are (T_-closed and hence belong to 
H°((T_), since only forms of zero-degree are elements of Wq. Then, those ^f^^ that 
are not (T_-closed can be treated as Stueckelberg gauge parameters for those ^2 that 
belong to the image of cr_. Therefore, only those are still independent that are 
cr_-closed but not cr_-exact and hence belong to H^((T_). Having sieved Wo,...,Wp_i 
one after another, it turns out that independent differential gauge parameters at the 
k-th level are given by H^~''((T_). Analogously, those fields that are cr_-exact 
can be gauged away by virtue of Stueckelberg gauge parameters at Wp_i. Those 
fields W^'^^ that are not (T_-closed can be expressed via derivatives of fields at lower 
grade by virtue of the equations -Rp+i = D^W^ + ct_(W^+^) = 0, these fields are 
called auxiliary. Therefore, the dynamical fields, i.e., those that are neither aux- 
iliary nor Stueckelberg, are given by Hp((T_). The nilpotency of = implies 
certain relations of the form DiRpj^i + o"_(-Rp^\) = between -Rp+i- Therefore, 
auxiliary fields are expressed by virtue of cr_-exact -Rp+i and (T_-non-closed -Rp+\ 
are themselves expressed via derivatives of -Rp+i- Consequently, the independent 
equations on (iynamzca/ fields are given by HP+^(cr_). From the cohomo logical point 
of view higher degree forms correspond to certain nontrivial relations between equa- 
tions called Bianchi identities and manifest gauge nature of equations. As there are 
generally more than one levels of gauge transformations, one can expect the higher 
cohomological group to be nontrivial. 
To sum up. 
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(3.25) 



cohomology group 


interpretation 


HP-'', k = l...p 


differential gauge parameters at the k-th level of re- 
ducibility 


HP 


dynamical fields 


HP+i 


independent gauge invariant equations on dynamical 

nil 

nelds 


HP+fe+i^ A; = 1...P 


Bianclii identities for the k-th order gauge symmetry 




supposed to be trivial in a regular case 



To distinguish fields in cohomological sense the following convention is introduced 
[63]: 

Stueckelberg fields(gauge parameters) are those that can be eliminated by 
pure algebraic symmetry, i.e., these fields are (T_-exact (are those that can 
be used to gauge away certain fields, i.e., these parameters are not cr_-closed). 

Auxiliary fields are those that can be expressed via derivatives of some other 
fields, i.e., these fields are (T_-nonclosed. Let us note that this definition is 
generally ambiguous, e.g., in system 

dA = B, ^ ^ 

3.26 

dB = A, ^ ' 

which field is auxiliary is a matter of choice. This ambiguity is removed by 
virtue of grade [621 [63] . 

Dynamical fields are those that are neither auxiliary nor Stueckelberg, i.e., these 
fields are representatives of cr_-cohomology classes. 

Note that if certain dynamical field given by belongs to the grade- (7/ subspace 
yVp and the corresponding equations given by H^"*"^ belong to the grade-f^e subspace 
yVp\i, the order of equations is equal to Qe — gj + I. 

If the unfolded system is supposed to admit a lagrangian formulation, there has 
to be a one-to-one correspondence between the number of dynamical fields and that 
of equations, k-th level gauge symmetries and k-th level Bianchi identities, i.e., in a 
certain sense there should be a duality H^-'^ ~ H^'^^^'^, k G [0,p]. This takes place 
for all unfolded systems exemplified in this paper. 

Since the operators involved, i.e., and are of grade and —1 only, the 
fields with the grade greater than go, for any go > 0, form a quotient module, thus 
describing the same system on its own - dual formulations. This picture partly 
breaks in {A)dSd because of appearance of grade -|-1 nilpotent operator cr+. 

D = DL + a^ + AV+ (3.27) 

The specific character of frame-like unfolded systems, which will be crucial for 
us, is that by virtue of the inverse background vielbein /i^ all form indices of any 
gauge field/parameter jy^i^^i^'-'-'^p^^™) can be converted to the fiber ones 

p|/ai(si),...,a„i(sm)|[di...dq] _ p^ai(si),...,am(sm)^Ml'^i f|^^qd^q ("3 23) 
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The resulting tensor iYo-iisi),---,a.mis,n)\ldi...dq] jg irreducible and can be decomposed 
into so{d — 1, l)-irreps according to the so{d — 1, l)-tensor product rule 

^a,(s,),...,aM\['ii-d,]^Y{si,...,s^} (g) Y{(l,g)} = 0Y«, (3.29) 

so(d-l,l) " 

where one-column Young diagram Y{(1, q)} of height-g represents the anti-symmetric 
indices di, ...,dq and Y^ are the so{d — 1, l)-irreps the tensor product decomposes 
into. Having converted all fields (parameters, equations) of a given unfolded system 
to the fiber tensors one can make the identification of the fields in the unfolded ap- 
proach and those of the metric-like approach, though the general covariance, gauge 
invariance and other advantages of the unfolded formalism will be not manifest. 
While constructing the unfolded formulations of a known metric-like systems or in- 
terpreting a given unfolded system in terms of metric-like fields, this technique will 
be widely used. Moreover, the calculation of cr_ cohomology groups is largely based 
on the explicit evaluation of fl3.29l) -like expressions. Once an unfolded form is known 
no use of this technique is needed either to generalize it to other backgrounds or to 
introduce interactions. 

Field yj/ai(si),...,a™^(s„)|[di...d,] Jg traceless in ai,...,am and di,...,dq, separately. 
However, the cross traces need not vanish and, hence, some of Y^ represent traces. 
To distinguish between the traces of different orders let us introduce the following: 
the Y- valued degree-g form is said to be a trace of the r-th order iff it has the 
form 

= h_Jih_JiC^' (3.30) 

for some Y'- valued degree-0 form C^', where (g — r) indices of the background 
vielbeins /i" are contracted with the tensor representing Y' and r indices are free 
for the whole expression to take values in Y, the appropriate Young symmetrizer 
is implied. When the indices of are converted to the fiber ones, the expression 
takes the form r]" ...r] ' i.e., C^' represents a trace of the r-th order. 

r 

Different aspects of unfolding are illustrated on the examples of a massless scalar 
field, a massless spin-one field and a massless spin-s and spin-(s + |) fields. 



3.3 Examples of Unfolding 

Example 3.3.1. Unfolding a scalar field |3H, I62| . First, it should be noted that 
it is easy, of course, to convert the Klein- Gordon equation DC = to a system of 
first order equations 

dnC = C It , 

but when writing the second equation the explicit form of the metric is to be used, 
hence, these equations are not of unfolded form (13. ip . 
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Described in terms of a scalar field C{x), the theory is brought into a non gauge 
form, therefore, zero-forms only are allowed, or else there would be some gauge 
symmetry according to (13. 4p . The most general r.h.s. of dC = ... has the form 

dC = haC (3.32) 

for some vector-valued zero-form C^. This equation just parameterizes the first 
derivative of C{x) and is similar to the first of (13.311) . There are three terms allowed 
on the r.h.s. of dC^ = ... 

dC = hC'^ + hC^'' + h^C (3.33) 

with C"^'^, C"^ and C taking values in antisymmetric, symmetric and scalar 5o{d — 
1, l)-irreps, i.e., B, □□, •. The first term is forbidden by Bianchi identity hadC"" = 0. 
To analyze the remaining terms let us decompose dC"" into 5o{d — 1, l)-irreps 

a^c'^/i'^^ = n®n = m©B©«, (3.34) 

where B = d^^C''\ m = d^^C^^ - \r]'"'dbC\ • = = nC. 

The B component represents Bianchi identity in the first order reformulation of 
the Klein-Gordon equation. Indeed, expressing C"^ as d^C imphes d^^C"^ = 0. • 
represents the desired Klein-Gordon equation, whereas m is the only component al- 
lowed to be nonzero on-mass- shell. Therefore, to impose the Klein-Gordon equation 
the term h°-C' has to be omitted, 

dC^ = hhC^\ (3.35) 

The only possible r.h.s. for dC"'"' = ... compatible with Jacobi identity h^dC"''' = 
is of the form dC^"" = hbC"'"'^ for C''*"" taking values in a rank-three symmetric 
so{d — 1, l)-irrep, i.e., rm . The process of unfolding continues unambiguously in 
this way and results in the full system 

c/C^W = /i^C"(^)^ = ^"('^^(C), k = 0,l, (3.36) 

where C"'^''^ is rank- A; totally symmetric traceless field, i.e., taking values in I k I 
so{d — 1, l)-irrep. 

To make a connection with the general statement of Section [H for Y = Y{(0, 0)} 
the general scheme results in 





• 


□ 






{n,k} : 


{0,0} 


{0,1} 


{0,2} 


{0,3} 


9 ■ 


9 = 


9 = 1 


9 = 2 


g = 3 


% ■ 


qo = 


qi=0 


q2 = 


93 = 



therefore, spaces Wq and operator (t_ which enters V = ~ a_ should be defined 
as 

W^ = {W^,W^,W^'',...}, (3.37) 
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cr_TC) = <|°' ^ °' (3.38) 



Consequently, W is a space of various differential forms with values in totally sym- 
metric traceless so{d — 1, l)-tensors, graded by the form degree and by the rank 
of so{d — 1, l)-irreps. Space Wq forms an irreducible iso{d — 1, l)-module. System 
( I3.36P reads 

Vcuo = 0, cuoE Wo. (3.39) 
The cohomology groups of (j_ are easy to find: 

H°(a_) = C{x), as the lowest grade field is automatically closed, cr_(C) = 0, and it 
cannot be exact as a form of zero degree. Contrariwise, zero-forms with grade 
greater than zero are not closed, (7_{C''~^^) = hi,C^^^^^ = <^=^ C^"*"^ = 0; 

H^(cr_) = h"-B{x)o, for some B{x)o E Wq. One-form = h"-B{x)o is closed, 
a^{Bl) = haB\ = hah"-B{x)o = 0, and it cannot be represented as cr_(C^) = 
hbC"'^ as far as C"^ is traceless. The cohomology groups at higher grade are 
trivial since (T_ (/i"5"(^)(x)o) ^ for A; > 0; 

H'''*^(cr_) = 0, as one can make sure. 

The interpretation in terms of Section [3^ is as follows: as is expected, the dynamical 
field given by H° is C{x). The equations are given by the projection of dC"" = hf,C°'^ 
to H^, i.e., nC = 0. The fields with A; > are auxiliary, being expressed via 
derivatives of C{x), C*^^) = d°'...d"'C{x). Inasmuch as there is no gauge symmetry 
in the system, the higher cohomology groups are trivial. 

An infinitely many dual formulations of a massless scalar field are also included. 
Indeed, the fields with k > kQ > form a quotient module TZko, i-e., one can 
consistently write 

rfC^ = a_(C'=+i), k>ko. (3.40) 

The first equation 

imposes on the dynamical field 



(3.42) 



ko 

which imply, at least locally, C^'"''^ = 9"...(9"C and DC = 0, for some field 
C{x). All fields at higher grade are auxiliary. This statement is confirmed by 
the cohomology analysis: H^iJZko, <J-) = C^°, i.e., scalar is described in terms 
of a traceless rank-fco symmetric tensor field subjected to the equations given by 

U^CT? rr \ _ A,a RiCso-l) fco(fco-l) ^aau r)0'{ko-2)c i pa{fco),c r pa(fco-l) pa{fco),c 

I fcn I 

taking values in so{d — 1, l)-irreps characterized by diagrams I fcn — 1 I . I I 

These two elements represents just the components of ~ I fcn ~l (^l I with the 
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fcn I 

symmetry of I fcn — IH (trace) and LH , the third component with the symmetry 

of I fcn + l~l is exact. 

The above results can be easily extended to {A)dSd background and to a massive 
scalar field [62] . 

DlC' = (T_(C*^+^) + a+iC''-^) = 0, (3.43) 
where there appears a nontrivial positive grade operator 

a+(C^-i) = (m' - \^k{k + d-l)) (^h'^C^''-^^ - ^ r/"°/ifeC"(^-^)^^ (3.44) 

and Dl is a Lorentz-covariant derivative in {A)dSd. In the (^4)^5"^ case the situation 
is more interesting due to the appearance of cr+ operator and the possibility of the 
accidental degeneracy of 0"+ when = \^k'{k' + d — 1) for some k' [52]. B 

Example 3.3.2. Unfolding Maxwell equations |64|, 165] . An example of massless 
spin-one field is more interesting as a gauge system. The main object is a one-form 
A^. From gauge transformation law 

5A^ = d^o (3.45) 

it follows that there should not be other forms of rank greater than zero. If this were 
the case the gauge parameters of these new forms would be involved by virtue of 
( 13. 4p . making the gauge law for A-^ inappropriate. Indeed, there are two possibilities 
to introduce higher degree forms on the r.h.s. of dA = (i) dAi = R2 for 
a scalar valued degree-two form i?2, which possesses its own gauge parameter xi, 
5R2 = dxi- In accordance with (13. 4p the gauge transformation law for A^ is modified 
to 6A1 = dC,o + Xi so that A-^ can be gauged away by virtue of Stueckelberg gauge 
parameter xi- This case corresponds to contractible free differential algebras (I3.10p . 



(ii) dAi = hhUj\ for a vector valued degree-one form cj^, which possesses its own 
gauge parameter e^. In accordance with (13. 4p the gauge transformation law for 
Ai is modified to 6A1 = d^o + ^feCo so that A^ can be gauged away by virtue of 
Stueckelberg gauge parameter eg. Consequently, in both cases Ai can be made non- 
dynamical, which is not what was expected. Therefore, the only possibility is to 
introduce a zero-form Cq"'*' , anti-symmetric in a, 6, parameterizing by virtue of 

dAi = hahbd^^^ (3.46) 

the Maxwell field strength. Bianchi identity hahbdC^Q^"^ = tolerates two terms on 
the r.h.s of ddo^'^ = ... 

ddf = /leCf '1''^ + /iI-^Cj , (3.47) 

with C^''^'^ and Cq taking values in P and □ so{d — 1, l)-irreps, the former taken in 
antisymmetric basis. In order to determine which of the terms should be omitted, 
if any, the decomposition of the first derivative of the Maxwell field strength into 
Lorentz irreps has to be analyzed 



(3.48) 
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where @ = ^I'^C^^l, □ = (9bC"^^ and F = d'^C^"^^ - ^I^C^^l + ^r/'=['^(9rfC^H. d^^C^"^ 
is identically zero provided that C'"^^ is expressed via the first derivative of A^, 
or represents the second pair of Maxwell equations in terms of field strength C'"*l 
In both cases, this component should be zero and, moreover, this can not be kept 
nonzero as there is no hcC^°'''^^-\ike term allowed on the r.h.s. of fl3.47p . The second, 
dfjC""^, is the desired Maxwell equations in terms of A^, or the first pair of Maxwell 
equations in terms of the field strength. Consequently, to impose Maxwell equations 
term h^°-C'^^ has to be omitted, whereas the third is the only component allowed to 
be nonzero on-mass-shell. 

Again, unfolding continues unambiguously and requires an infinite set of fields 



ab] ,c{k) 



taking valueo in l_ 



The full system has the form 



to be introduced 
k 



0,1, 



dA^ = KhCl^' = F{A, C), Ml = d^o, 

^^H,c(fc) _ }^^C^ab],c{k)d ^ p[ab],cik)^C), k 



0,1, 



(3.49) 



(3.50) 



and represents two modules being glued together by the term on the r.h.s of the 
first equation. 

For Y = Y{(1, 1)}, i.e., = 1 and p = 1, the general scheme of Section [1] results 

in 
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{n,k} : 


{1,0} 


{0,0} 


{0,1} 


{0,2} 


9 ■ 


9 = 


9 = 1 


9 


= 2 
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= 3 
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go = 1 


qi=0 


(l2 


= 


13 


= 



therefore. 



{Wo}, 



0, 



(3.51) 



{H^„<_^^,<_r,...}, g>0, 

let us point out the shortening of Wq. The action of (j_ on VFq G Wq is defined as 



0, 

^ y^[o-b],c{g-2)d 



9 
9 



0, 



(3.52) 



''dyv d-i , fi' > 1- 
With V = Dl — a^, unfolded system fl3.50p can be rewritten as 

VuJi = 0, 6uJi = V^o, 



(3.53) 



^"'The fields C'"''!''^^'^^ are taken in antisymmetric basis, i.e., they are antisymmetric in a, b, 
symmetric in c(fc) and C^<^b,d]c{k-i)=o ^ 
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where Ui G Wi and ^ VVq. The fields at {n = 1, k = 0} g = form a finite- 
dimensional iso{d — 1, l)-module, whereas the fields with {n = 0, k = 0, 1, ...} ~ > 
form an infinite-dimensional iso{d — 1, l)-module. 

Again, the cohomology groups are easy to find: gauge parameters are given by 
H°(cr_) = ^0, dynamical fields by H^(cr_) = A-^, Maxwell equations by H^(cr_) = 
H'^'^Bq, and the Bianchi identities for the first order gauge transformations by 
H^((T_) = h°'h''BQ, the rest of groups are empty H'^'^^(cr„) = 0. Important is the 
direct correspondence between the number of fields in and the equations in H^, 
the gauge parameters in H° and the Bianchi identities in H^. 

There are infinitely many of non-gauge (itta/ formulations based on (7[H.c(fco)^ g_g_^ 
for ko = one recovers the Maxwell equations in terms of the field strength 

g[a(jb,c] ^ g 

(3.54) 

aC"'* = 0. 



Let us note that the ambiguity at the first step of unfolding (the terms h"'C' and 
/i["C''l in the above two examples) expresses the possibility of introducing a mass 
term. 

Example 3.3.3. Unfolding a totally symmetric massless spin-s field |3H, I64L 

166] . We start from the metric-like description of a massless spin-s field in terms 
of a double-traceless symmetric rank-s field (p/j.^...^^ satisfying fl2.13p . the second 
order equations are invariant with respect to the first order gauge transformation 
with traceless rank-(s — 1) gauge parameter Inasmuch as the Young di- 

agram I s ~l of so{d — 2) is of the height one, there are gauge transforma- 
tions of the first level only. Therefore, the dynamical field in the unfolded ap- 
proach has to be a one-form. There is only one way to identify (j)^^...^^ and i^^„,^^_^ 
with certain uj^° and taking values in the same so{d — 1, l)-irrep Yq, namely, 
Yo = I g — 1 ~l , i.e., uj'^^~'^'^ and ^o^*""^'' takes values in a rank-(s — 1) symmet- 
ric traceless tensors. Field 0^1...^^ is identified with a totally symmetric part of 
ujf'~^\ i.e., 0^,1...^, = h^^^^^..M^^'-J^u2)''''''^Va^bi---Va,.ib,.i, the double-tracelessness 
condition is the consequence of the tracelessness of u^^^ in ai...as-i. 

is identified with ^^^'"^^ directly ^f,,...^,_, = h^^\-h%-_\^''' Va^bi-Vas-ib^-i and 
one can make sure that the Fronsdal's gauge transformation law is recovered from 
SujI^'^ = dC,Q^^ Field u'^^^ has a redundant component with the symmetry 



3-1 I 

of LJ , which can be made Stueckelberg by virtue of gauge parameter ^-"'^ 

with the same symmetry type, i.e., 

5ujI^'-'^ = rfef ''^ + /ic^f (3.55) 

It automatically follows that there is a degree-one gauge field uj'^^^~^^''^ coupled with 

a(s-l) 

cj-^ as 

dujf-'^ = Koof-'^^'. (3.56) 
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The only solution to Bianchi identity hcduj'^^ ^'''^ = if^^^' 



where a new field with the symmetry of 

a{s-l),b{k) _ 



1 a(s—l),bc 

hcUJi 



(3.57) 



is introduced, and so on 



until the field with the symmetry of 
as 

a(s~l),b(s-l) 



, for which the Bianchi identity solves 



hMdC, 



■a(s— l)c,b(s— l)d 
' 



(3.59) 



where field Cq^^'^'^^^^ represents a generalized Weyl tensor and has the symmetry of 



The solution of Bianchi identity hJiddCQ^^ i)c,6(s i)d ^ q form 



dC, 



a{s),b{s) 




(3.60) 



where (^^(*+^)'^(*) j^^g ^j^e symmetry of 



. The second term on the r.h.s. 



of fl3.60p supplements the first one to have a proper Young symmetry. Further 



unfolding requires a set of degree-zero forms Cq 



'a(s+i),h{s) 



, taking values in so((i — 1, 1)- 



irreps characterized by Young diagrams 
form 



s + 1 



. The full system has the 



, a{s-l),b{k)c 



a(s-l),b{k) 



a(s-l),b{k) 



a{s-l)Mk)c 



duo-^ 



a{s-l),6(s-l) 



hrhdC, 



i{s—l)c,b{s—l)d 



A;G[0,s-2], 

^^ais-l),bis-l) ^ ^^ais-l),bis-l) (3.61) 



^^a{s+i),b{s) hi (^'^(*+*)'^'''(^) _j_ ___^_(^ais+i)b,b{s—l)c 



i e [0, oo) 



By the construction the system incorporates Fronsdal's field 



^fj.i...fj., 



with the correct 



gauge law, but there is still to be proved that the Fronsdal's equations are really 
imposed and that there are no other dynamical fields in the system. Let us recon- 
struct Fronsdal's equations fl2.13p . whereas the second statement will be proved as 
a part of a more general theorem. The first two equations of fl3.6ip read 



It is convenient to convert all world indices to the fiber ones 



,bc 



Qc^a{s~l)\d _ Qd^a(s-l)\c _ ^a{s-l),c\d _ ^a(s-l),d\c^ 
Qc^a{s-l),b\d _ Qd^a{s~-l),b\c _ ^a(s-l),6c|d _ ^a(s-l),fed|c 



(3.62) 
(3.63) 

(3.64) 
(3.65) 



^^The proof is not given as more general statement about the solutions of such equations is 
proved in the next Section. 
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where uj''^^-^^^' = cu^^'^'^/i^'^, cu'^^^-i)'^!^ = cu^^'~'^''/i^'^, uj''(^-^^^^'>\'^ = u^''^^'''\'^^' . 
Contracting fl3.65p with rju and, then, symmetrizing c with ai...as-i resuhs in 

By symmetrizing in (13 .64^ Oi-.-a^-i with d 

^a{s-l),c\a ^ Qp^a{s-l)\a _ Qa^a{s-l)\c (^g^gy^, 

and, then, by contracting f l3.64p with rida^-i 



(3.68) 



all the terms of (I3.66P can be expressed via uj"-^^ ^^l^. Plugging these to (I3.66P gives 



□^'^(^-1)1'^ _ d'^d^ ((s _ l^^a{s-2)c\a ^ ^a(s-l)|c^ ^ _ l)5a5a^»(^-2)':|^ = Q, (3.69) 

where cj"'^'^^-'^)!'' is to be identified with Fronsdal's field 0"'^'^^ as c<j"(^~^)l" = 

then, cj"^""^^"'^ = 10"^'"^^^^, (s - l)tu''(^-2)^l'* + = and the equation 

acquires the Fronsdal's form (12.130 

- s9"9c0"('-^)' + si^d^d^f^''^^^ = 0. (3.70) 

For Y = Y{(s, 1)}, i.e., = 1 and p = 1, the general scheme of Section [1] results in 





s - 1 
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s + 1 


Y„ : 1 S - 1 1 
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{n,k} 
9 
% 

therefore. 



{1,0} 
g = Q 

go = 1 



{1,5-1} {0,0} 
g = S-l g = s 
Qs-i = 1 qs = 



{0,1} 
g = s + l 

Qs+i = 



Wo 



a(s-l),6(s-l)- 



a(s-l),6(s-l) yya{s),b{s) p^a(s+l),6(s) | g > 



g = 0, 
>0, 
(3.71) 



and 



hcW^ 



a{s-l)fi{g-l)c 
a{s—l)c^b{s—l)d 



h ( _|_ __s_'^o-{g-s-i)bMs~'i-)c 
^ \ q— 1 g—s+i 1 

With P = Dl — cr_ full system (13.6 ip can be rewritten as 

Vuj-i = 0, 6lji = V^o, 



9 = 0, 

9^ [l,s-l], 
9 = s, 
g> s. 



(3.72) 



(3.73) 
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where c<Ji G Wi and ^ VVq. The fields at {n = 1, A; = 0, s — 1} ~ (7 G [0, s — 1] 
form a finite-dimensional iso{d — 1, l)-module, whereas the fields with {n = 0, k = 

0. 1. ...} ^ g > s form an infinite-dimensional iso{d — 1, l)-module. 

The representatives of cohomology classes can be chosen as H'' = ^0^*"^^ — 

ar/""/i*/ic)G'"^'^^^^"Jl!l, H3 = h^h'^hcX"^'-'^'^'' , H^->3 = 0, where and G<'^ are 
double-traceless tensor fields and and ■x^'^^~^'> are traceless. H°'^ are nontrivial 

at the lowest grade, whereas H^'^ are nontrivial at grade-one, therefore, the order 
of equations that are imposed on the dynamical field is equal to two. It turns out 
that there is no need in the explicit form for a, (3 and 7, it is sufficient to find out 
the Young symmetry of representatives only. The uniqueness of Fronsdal's theory 
at the level of action was demonstrated in [67] and at the level of equations in 
[HI IS3] • Consequently, there is no need for equations fl3.7Up to be found explicitly - 
those of Fronsdal are the only possible. Again, there is a one-to-one correspondence 
between the number of fields in and the equations in H^, the gauge parameters 
in H° and the Bianchi identities in H^. The system contains an infinitely many of 
dual formulations, those that have field W^^^ ^)^Kko) ^^^^ lowest grade are gauge 
dual descriptions, whereas those that have field (7«'(«+^o),f)(s) ^j^g lowest grade are 
non-gauge. Dual description based on field yf/^^*"^)'''^^) was elaborated in [68j. ■ 

Example 3.3.4. Unfolding a totally symmetric massless spin-(s+ |) field [69l 

I70L I31| . Unfolding a totally symmetric massless spin-(s+ |) field results in literally 
the same unfolded system (13.611 13.731) but with fields taking values in so (c? — 1, 1)- 
irreps that are irreducible spin-tensors with the same tensor part as in the bosonic 
case. Note that operator (T_ is not modified but the (T_ cohomology groups are 
slightly changed such that the equations become of the first order. 

The Dirac equation. Unfolded system (13.361) or, equivalently, (I3.39P describes 
a massless spin-| field provided that take values in I s ~l i so{d — l, l)-irreps, 

1. e., = C"'"(^) and r;^^C^'^"(^-i) = 0. Contracting the first equation of fl336D 

d^C'' = h.aC''-''' (3.74) 

with h^f^T^^ gives the Dirac equation 

V'^pd'C^ = 0. (3.75) 

the rest of equations express auxiliary fields in terms of derivatives of dynamical 
field C"^. 

The Rarita-Schwinger equation. Unfolded system (I3.50p or, equivalently, 
(I3.53P describes a massless spin-| field provided that irreducible tensors in (I3.5ip 
are replaced by the corresponding irreducible tensor-spinors, i.e., A-^ = A^, = 
Qa;[ab],cik) g^^^ pa^<-./3;[a6],c(fc) ^ pa^(-./3;H,dc(fc-i) ^ q_ Contracting the first equa- 
tion of fl330|) 

^{d,A: - 5,A^) = h.aKbC''-'^''''^ (3.76) 

16-,, _ {s(d+s-5)-d+6)is-2) a _ (s-2) (d+£-6)(£-2)(£-3) 
" 2(d+s-4)(d+2s-6) ' ((i+s-4) ' ' 2(d+s-4) (d+2s-6) ' 
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with F-matrices and converting world indices /x, v to the fiber ones according to 
j^a-a ^ A^h""^ gives the Rarita-Schwinger equation 

pa^^b^/3;a _ ^ar;^^^^'^ = 0, M"''^ = (9"^- (3-77) 

The rest of unfolded equations express auxiliary fields in terms of derivatives of 
dynamical field A'^. 

The Fang-Pronsdal equation for a spin-(s + |) massless field. Unfolded 
system f l3.6ip or, equivalently, (]3.73p describes a massless spin-(s + \) field pro- 
vided that irreducible tensors in fl3.7ip are replaced by the corresponding irreducible 
tensor-spinors. With all world indices converted to the fiber ones the first equation 
of fl3.6ip has the form 

QOi;a{s-l)\[cd] ^ QC^I3;a{s-l)\d _ Qd^f3;a{s-l)\c _ ^f3;a{s-l),c\d _ ^f3;a{s-l),d\c yg^ 

where u'^'-i^-^^l^ = uj^As-mc ^ cu'^'^'^^'-^^^'h^^. 

Analogously to the bosonic case, nonsymmetric component of 
be gauged away algebraically. Hence, the Fronsdal's field (f)°''As) jg identified as 

^a;a{s-l)\a ^ l^a;a{s) _ Then, T^^^^'''^'') = T^^W^'^^^-^^I^ T^^Tf = r/fecCU^'^^"-^)*'^ 

and the Fronsdal's triple F-traceless constraint is a consequence of irreducibility of 
^a;a{s-i)\b ai-.-Us-i and the lack of any conditions with respect to ai...as-i and 
b. Since the Fronsdal's field contains three irreducible components with the sym- 
metry of I s ~l i , I s-1 ~l i and I s-2 h , the equations of motion has to be 
nontrivial in these three sectors too. The projector on the dynamical equations is 
simply rj^^G^'"*^*~^)'^l" and gives 

FI^^^V^'"^'^ - sdT^ ^(pf^-^''^'-'^^ = 0, (3.79) 

which is in accordance with (12.221) . But we would like to note that there are 
two components with the symmetry of I s-1 namely, r]i,cG°''"'^'^~'^^''^"'^ and 

i3^c'y^"'''"'^^~^^^^^'^'^ ■ The correct projector on this component of the equations is 
given by the combination 

2{s - l)r75,G'"'"(^-2)''l"" - -fbp7c-yG^''''^'~'^^^'"'\ (3-80) 

which is identically zero when is expressed via uji^'"-(s-'i-),c\d virtue of 

(I3.78p . Therefore, it is (I3.80p that does not express certain part of uji^'"-('^-'^)''=\^ in 
terms of first derivatives of the dynamical field cjy^'As) Q^Yid, thus, this is a dynamical 
equation. Obviously, (I3.80p is a representative of a- cohomology group H^^q. In 
terms of (p^'As) ^j^g representative has the form 

which is equal to the F-trace of (I3.79p . The gauge transformations has the form 

^^aMs) = ga^a;a{s-l)^ (3.82) 
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where T'^^^Ms-2)b ^ g. 

Consequently, unfolded equations for totally symmetric bosonic fields are proved 
to completely determine the unfolded equations for totally symmetric fermionic 
fields. Though cr_ is not modified in the fermionic case, a- cohomology groups 
are changed, since the fermionic dynamical equations are of the first order. ■ 



4 Unfolding Mixed- Symmetry Fields 

First, in Section 14.11 an example of the simplest massless mixed-symmetr y fie ld of 
spin-B"' is investigated in detail and leading arguments are given for a spin-bhM field. 



Second, the general statement on arbitrary mixed-symmetry fields is proved, whereas 
technical details are collected in Sections 14.41 and 14. 5[ The analysis of the number 
of physical degrees of freedom is carried out in Section 14.31 



4.1 Simplest Mixed-Symmetry Fields. 

Example 4.1.1. Spin-B~' field. In the metric-like approach a spin-P field is mini- 
mally described[T6l [T7] by the subjected to fl2.15p field (p[fj.fj],u that takes values in a 
reducible so{d — 1, l)-representation PffiD, the latter component is identified with 
the trace (p^^,^^'^- The gauge transformations fl2.16p has two levels of reducibility, with 
two gauge parameters ^(^,^), ^^^] taking values in m© •, B so{d — 1, l)-irreps at the 
first level and one parameter taking values in □ so{d — 1, l)-irrep at the second 
level f lZTTD . 

First, the metric-like field 4>[iif_i],u has to be incorporated into certain differential 
form e^, which is called a physical vielbein, the so{d — 1, l)-irrep Y and the degree 
q to be defined below. To make the symmetries both of the first and of the second 
level of reducibility manifest the degree of the physical vielbein has to be two, at 
least. 

Moreover, were the physical vielbein taken to be a degree-one form, not all of the 
gauge symmetries even at the first level would be manifest. Indeed, there are two 
possibilities for physical vielbein cY to contain a component with the symmetry of 

B-'. Namely, Y = m and Y = B since m © □ = B"' © cm © □ and B®n = B-'©§©n. 

The associated differential gauge parameter is ^q-^, in the first case, and , in the 
second case. Inasmuch as the gauge parameters are the forms of degree-zero only 
one of the required two parameters is present in each of the cases. 

The degree of the physical vielbein has to be not greater than two if the com- 
ponent associated with the metric-like field (p^f^^u is required not to be a certain 
trace part. The reason why a dynamical field should not be a certain trace part is 
explained in the next Section. 

Therefore, the physical vielbein has to be of degree-two and has to take values 
in so{d — 1, l)-irrep that belongs to the vector representation □, i.e., = 63 = e^^. 
The associated gauge parameter ^ = = contains in its Lorentz decomposition 
= B©m©» both anti-symmetric = i'^^h^^flah and symmetric (^^^ = il^^h^^^rjab 
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gauge parameters, the latter enters along with the trace ipi'^- There exists a second 
level gauge parameter Xo; which is directly identified with as = h''^x"'Vab- 
There are no redundant components in the gauge parameter. However, physical 
vielbein contains one redundant component in its decomposition into Lorentz 

irreps □C>?>B = B~'©n©§. The first and the second components are to be associated 
with a traceful (p^^^u, whereas the third one, totally anti-symmetric component e^'^l'"^] 
is a redundant one and has to be made non-dynamical. In order 



to do so, algebraic gauge parameter with the symmetry of d is introduced. It 
is obvious from pure algebraic gauge law 

5el = hh^i'^t^ (4.1) 

that the redundant component can be fixed to zero and can be directly identified 
with as ej^^ = (p^^^yh"-" . From gauge transformation laws = c?^J, = ^Xo; 
i.e., (5e^^, = \ {d^S,^ — dyS,1^ , = d^x"", required gauge transformations (12.161) . 
(I2.17P for metric-like field (p^^^v and for the first order gauge parameters if^^y i^^^-^ 
are easily recovered. 

Since in the unfolded approach each gauge parameter possesses its own gauge 
field and vice-verse, associated with ^^^^^ gauge field iJ^^^^ enters as 

del = (4.2) 

which determines the first equation. Applying d to this equation results in Bianchi 
identity hbhcdu^^^^^ = 0, which has a unique solution of the form 

dJf'^ = (4.3) 

with C^^^^'^'^'-f^ having the symmetry ^ of the generalized Weyl tensor of a spin- 
field, i.e., it is anti-symmetric in [aba], [df] and C^'^'^''^^ = 0. To clarify the form of 
the solution let C^''^'^^^'^'^^ be a degree- zero form anti-symmetric in [aba], [df] and with 
no definite symmetry between these two groups of indices. The Bianchi identity 
implies hi,hchdhfC]^^^^^^'^^^ = 0, which is equivalent to C'^^^^''^-^^ = since vielbeins 
/i" anticommute. Therefore, the solution is parameterized by those components of 
(j[a.bc]\[df] ^ ^ (g, 2 t\\.aX has the symmetry of Young diagrams with no more than 
three rows, since the requirement for total anti-symmetrization of any four indices 
to give zero is the characteristic property of Young diagrams with at most three 

rows. § (8> B 9 ^ is the only component of zero trace ordeil^ with three rows and 
there are no components with the number of rows less than three. Alternatively, one 



Although, there are trace components with the number of rows less than four, e.g., b, their 
tensor product by the metric 77"'' contains components with the symmetry of the s^(d)-Young 

diagrams with more than three rows. Nontrivial trace with the symmetry of B~' corresponds to 
the mass-like term. Hence, traceful tensors either do not satisfy the Bianchi identities or introduce 
mass-like terms. 
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could search for the solution in the sector of degree-one forms as diJ^^^^ = hdC^ 



~f[abc]\d 



with some (j^'"^^^'^, but Bianchi identity hbhchdC^ 



[abc] \d 



implies that the only 



[abc] I d 



) □ that is allowed must have less than three rows, which 



component of C{ 

is irnpossible since [abc] makes Young diagrams of d $5 □ consist of three rows, at 
leasO. Thus, one has to search for the solution among the forms of less degree. 
Further unfolding requires a set of fields C^"''"^^'^'^-^^'^^''^ with the symmetry of 



to be introduced and the full system has the form 



tie" 



da 



[abcUdf],g(k) 



[abcUdf],g(k)v 



(4.4) 



Consequently, the unfolded system incorporates field 0^^^,,^ with all required differ- 
ential gauge parameters at all levels of reducibility; the redundant component of the 

physical vielbein does not contribute to the dynamics. 00^^'^^ ~ § ® □ = I © 

the first component is a field strength for the redundant field, once the field has 

been gauged away, the associated field strength is zero 

for some T[^jyA],p, Ti^uX,p] = 0, which incorporates both and B (as the trace). To 
recover equations (12.151) in terms of metric-like fields it is convenient to convert all 
fiber indices to the world ones in the first two equations 



I'dlti'i'fu]^ 

to substitute T^^x^p and to contract two indices in the second equation 



(4.5) 
(4.6) 



-dxT. 



Plugging (14.71) in (14. 8 p gives equation (12.151) . 

For Y = Y{(2, 1), (1, 1)}, i.e., = 2 and p 
d] results in 



P = 0. (4.8) 
2, the general scheme of Section 



{n,k} 
9 



□ 

{2,0} 
g = Q 
go = 2 



{1,0} 

gi = i 



{0,0} 

^? = 2 

g2 = o 



{0,1} 
g3 = o 



Again, the trace component B enters the tensor product as 77 (g) B and has the number of rows 
not less than three. 
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therefore, 



[abc] ^^^[abc\,[df] yy[abc\,[df],g 



q-2 



•••}, 



9 = 0, 

g = i, 

g> 1, 



(4.9) 



and 



ro, 

^^yy[aaa],[bb],c{g-3)d 



9 
9 
9 



0, 
1, 
2, 



(4.10) 



g>2. 



with V = Dl 



cr_ unfolded system (14. 4p can be rewritten as 



(4.11) 



where UO2 G >V2, ^1 e Wi and ^0 e Wq. The fields at {n = 2, = 0} ~ = 
and {ra = 1, = 0} ~ (7 = 1 form two finite-dimensional \so{d — 1, l)-modules, 
whereas the fields with {n = 0, A; = 0, 1, ...} ~ (7 > 2 form an infinite-dimensional 
\so{d — 1, l)-module. ■ 

Example 4.1.2. Spin-ffl~' field (briefiy). In the case of a massless spin-bhM field, 
there are two gaug e parameters at the first level of reducibility, which have the sym- 
metrj0 of ffl, bM"', and one gauge parameter at the second level with the symmetry 
of P. First, for Y = Y{(3, 1), (2, 1)} the proposed scheme results in 



^ 9 

{n,k] 

9 



{2,0} 
9 = 

go = 2 



{2,1} 

9 = 1 
qi = 2 



{1,0} 
9 = 2 

'?2 = 1 



{0,0} 
g = 3 

g3 = o 



{0,1} 
g = A 

g4 = o 



therefore, the phys^cal v.elbem has to be a two-form takmg values m F, ..e., . 

63'^'''. Associated gauge parameter = has components = B~'~'©ffl©@~', 

the first two having the symmetry of the required gauge parameters, with the third 
one being redundant. The last three components in the decomposition of the physical 

vielbein © □ are also redundant. By virtue of Stueckelberg 

F 

symmetry with parameter these three components can be gauged away, inasmuch 



as 



□ 



parameter 



The redundant component of the first level gauge 



also can be gauged away by virtue of Stueckelberg symmetry with 



level-two gauge parameter ^ . Consequently, at least the fact that the unfolded 
system incorporates the metric-like field, all the required gauge parameters, and 
redundant components do not contribute to the dynamics is proved. ■ 



19 



To simplify the example no consideration is given to the trace components of the fields. 
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4.2 General Mixed-Symmetry Fields. 

Given a massless field of spin Y = Y{(si,pi), {sn.Vn)}, described by a metric- 
like field (f)Y{x), taking values in the irrep of the Lorentz algebra so{d — 1, 1) with 
the same symmetry type(minimal formulation) there exists a unique unfolded system 
with the physical vielbein at the lowest grade and all symmetries being manifest that 
reproduces the original metric-like system. The system has the form M.l\] . 

Sketch of the proof. 

1. The lowest grade field {physical vielbein) turns out to be completely de- 
termined by the requirement for it to contain the metric-like field and for its 
gauge parameters ^^".k, > to contain all the necessary gauge parameters 
at all levels of reducibility fl2.19p . 

2. e^g" and its gauge parameters appear to contain redundant components that 
have to be made non-dynamical. The only way to achieve this is to introduce 
Stueckelberg symmetry 6e^° = (^^^"-i = o"i(^^^_2), ••• with certain 
■^qi-k' ^ > 0, which turns out to be unambiguously defined by this requirement. 

3. ^^Li has associated gauge field oo'^^ and gauge transformations Suj^° = 
"^-(^qi-i) completely determines the first equation de^° = a]_{uj^^), which 
implies Jacobi identity a^{duj^^) = 0. The general solution is proved in Sec- 
tion U3] to have the form dco^^ = cr^(co'^^) with certain uj^^. The second 
equation imphes the second Jacobi identity a'^{du^^) = and so on. 

4. Once, the total unfolded system is defined, the proof of the facts that (i) 
the correct dynamical equations are imposed; (ii) there are no other dynamical 
fields or other differential gauge symmetries in the system; is obtained through 
the calculations of (T_ cohomology groups. Ignoring the trace pattern of fields, 
i.e., for traceful tensors, the proof of (ii) can be simplified and is done in this 
section. Even stronger statement that there exists a duality H^+^+'^ ~ f-i^"'^ is 
proved in Section H75l 

First, as it is clear from the examples above, the metric-like field 0Ym(^) 
to be incorporated into a differential form of degree-g taking values in certain 
so{d—l, l)-irrep Yq (for this reason e^" is called 2)/i?/szca/ vielbein) . Having converted 
all world indices to fiber ones in accordance with fl3.29p . so{d— 1, l)-tensor product 
Yq ® Y{(l,g)} of Yq with one column diagram of the height q must contain the 
component with the symmetry of Yjv/. In the case of the minimal formulation 
Ym = Y, where Y = Y{(si,pi), {siy,piy)} characterizes the spin. 

It is useful to introduce a notion of the quotient of two Young diagrams: let the 
quotient of two Young diagrams Y1/Y2 be a direct sum of those diagrams, whose 
50(0? — 1, l)-tensor product by Y2 contains Yi. For the first sight, given q > 0, any 
element Q of Yjvf/Y{(l, q)} might be chosen as Yq. If q is greater than the height 
of Ym the component with the symmetry Ym in the tensor product Q Y{(1, q)} 
has to be certain trace, inevitably. 
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Although, there is no apparent problems in considering unfolded systems with 
dynamical field hidden in certain trace component of the physical vielbein, e.g., 
Maxwell gauge potential might be identified with the trace e^^/i^ of two-form 
e^^. However, this exotic incorporating of the physical field does not take place in 
the already known systems. Moreover, it can be proved that such exotic systems 
do not exist, if irreducible. Nevertheless, they might be a part of some reducible 
system, which describes more than one field. Therefore, we require the degree q of 
the physical vielbein to be not greater than the height of Ym- 

Inasmuch as (i) the equations imposed on 4)y{x) possess reducible gauge trans- 
formations with the number of levels equal to the height p = Pi (^0 
a degree-g gauge field of an unfolded system there exist q levels of gauge transfor- 
mations; the degree q of physical vielbein e^'' must be equal to p. 

The quotient Y /Y{{l,p)} contains only one element (provided (f)Y{x) is for- 
bidden to be a trace component), it is the diagram (11. 2p with the symmetry of 
Yo = Y{(si — {sn — l,P7v)}, i-e., it is equal to Y without the first col- 

umn. Therefore, physical vielbein e!^° is completely defined. So does gauge param- 



eters at the A;-th level of reducibility, k G The requirement for tensor 

product Yq (S> Y{(l,p — k)} to contain all gauge parameters ^^'^ given by (I2.19p 
at the fc-th level of reducibility is also satisfied. Consequently, the whole pattern 
of fields/gauge parameters of the metric-like formulation is reproduced. Note that 
Yo = Yo and qo = p in the terms of Section [H 

Let us note that if one writes down the physical YieVoein exphcitly as 6^1^.%^^^''"'^''^^'' ^\ 
where Si are the lengths of the rows of Y and converts the form indices to the tangent 
ones by virtue of inverse background vielbein h^"- 

^ai{si-l),...,ap{sp-l)\[di...dp] _ gai(si-l),...,ap(sp-l)^/iidi f^t^pdp 

dynamical field 0y(2^) should be identified with e«i(si-i)v,ap(sp-i)|ai---ap^ which has 
the symmetry of Y with some traces included. Consequently, the generalized 
Labastida's double-tracelessness condition (12.201) [20j is obvious, inasmuch as the 
contraction of two metric tensor t^"*"*/^"''^* with the i-th group of indices vanishes. 

Generally, in addition to (pY^x), decomposition Yo®Y{(l,p)} of physical vieVoem 
into Lorentz irreps contains redundant components, which must not contribute 
to the physical degrees of freedom. So does Yo (S> Y{(l,p — k)}, i.e., in addition to 

it contains a lot of components that can not be made genuine differential gauge 
parameters. There are only two possible ways to get rid of redundant fields in the 
unfolded formalism: 

A. redundant components could be directly fixed to zero by algebraic {Stueckel- 
berg) symmetry. 

B. redundant components might be auxiliary fields for other fields (at lower grade) 
and so on. The process stops since the grade is assumed to be bounded from 
below. 

We require dynamical fields incorporated in the physical vielbein to be at the lowest 
grade. Actually, (B) takes place for dual gange descriptions, but not for the minimal. 
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Therefore, the only possibihty to make redundant components to be non-dynamical 
is to introduce a Stueckelberg symmetry with certain parameters ^^^_k 

^e^f° = rfeJ'i + ^i(C-i)' (4-13) 
<-"i = <-"2 + ^-(C-2), (4.14) 

(4.15) 

where is a certain operator built of background vielbein h"- that contracts a 
number of indices of Yi with h"'...h'^ to obtain Yq. Diagranj^ Yi and form degree 
qi can be easily found since Yi ® Y{l,gi — i},i>0 must contain all redundant 
components of Cp" and 

In the unfolded formalism each gauge field possesses its own gauge parameter and 
vice- versa. Therefore, there is a gauge field , which contributes to the equations 
for e^'^ as 

<"=^M<^). (4.16) 

The first equation determines the first Jacobi identity of the form a\{duj^^) = 0, 
which can be solved as 

d^l' = ^-«^) (4-17) 
for certain gauge field u'^^ and operator that satisfies aia^ = 0. The general 
solution of Jacobi identities is given in Section I4.4[ From now on let the super- 
scripts of cr_ be omitted. The second equation determines the second Jacobi identity 
cr_(c/co'^2) = 0, which can be also solved and so on. Consequently, the knowledge 
of the lowest grade gauge field Cp" and of the Stueckelberg symmetries required to 
get rid of redundant components determines the first equation, which by virtue of 
Jacobi identities determines the second and so on. The total unfolded system has 
the structure 




(4.18) 



where a- is certain algebraic operator built of background vielbein h°' and (cr_)^ = 0. 

The only facts remain to be proved are that there are no other dynamical fields 
and that the proper correspondence (duality) between the cohomology groups holds 
true. To this end it is sufficient to analyze only the so{d — 1, l)-irreps content of 
H^, i.e., only the symmetry type and the multiplicity of irreducible Lorentz tensors 
that by virtue of fl3.30l) are the representatives of H^. 

It is proved in the next Section that there is a duality H^~q ~ H^^^^^ between 
the a_ cohomology groups, which reveals the one-to-one correspondence between 
the gauge dynamical fields and equations of motion, the level-fc gauge symmetries 

^°The specific character of Minkowski massless fields is in that ah Stueckelberg parameters can 
be incorporated into a single Yi-valued form, this not being the case for (anti)-de Sitter massless 
fields. 
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and the \eve\-k Bianchi identities. The representatives of cohomology groups in the 
sector of fields and gauge symmetries directly correspond to those of metric-like 
approach and there is no other nontrivial cohomology in these sectors. 

Though, the trace pattern of fields/gauge parameters is also important and the 
calculation of cr_ cohomology groups provides a comprehensive answer to this ques- 
tion, the very procedure being a bit technical. Ignoring the trace pattern of the 
fields, it can be easily proved that the required metric-like field is incorporated in 
physical vielbein e^", all the redundant components of the physical vielbein can be 
gauged away by a pure algebraic symmetry and the same holds for differential gauge 
parameters ^^i^ at all levels of reducibility, i.e., the required pattern of gauge pa- 
rameters is recovered, whereas all the redundant components are either Stueckelberg 
or auxiliary. This is the necessary condition only and the traces has to be taken 
into account. Also, it is still to be proved that the correct equations of motions 
are imposed. Provided that there are no trace conditions on the fields, the sys- 
tem is referred to as off-shell^^. An off-shell system may contain only constraints 
that express auxiliary fields via the derivatives of the dynamical field, imposing no 
restrictions on the latter. 

The off-shell system. Technically, ignoring the traces is equivalent to the 
replacement of all so{d— 1, l)-irreps by the sl{d)-irreps that are characterized by the 
same Young diagrams, i.e., instead of taking so((i— 1, l)-tensor products one needs to 
apply the sl{d)-iensoi product's rules, which are much simpler. The decomposition 
of the physical vielbein e^^" into sl{d)-irreps is given by diagrams Y{q,j of the form 



Pi 


Si-1 








P2 


1 










Sn - 1 
Pn 




On 










aN+i 













where ai + ... -\-aN+i = % = P- The decomposition of Stueckelberg gauge parameter 
for Cq^" has the components of the same form but with on+i ^ 1 because 
Yi (11. 3p has already the form of Yq with one cell in the bottom- left. Therefore, 
all components of 6^^° except for those with un+i = are of Stueckelberg type, but 
there is only one component of with un+i = 0, namely, it has ai = Pi, i E [1, N] 
and, hence, has the symmetry of Y. The decomposition of leve\-k differential gauge 
parameter has the form (14.191) with ai + ... -|- aN+i = p — k and, again, all 

the components of with on+i > 1 can be gauged away by pure algebraic 

symmetry with Consequently, there is a complete matching between (I2.19p 
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and those in that are not pure gauge themselves. It can be easily proved also 

that, if ignoring the traces, there are no other dynamical fields/differential gauge 
parameters at higher grade. Consequently, 

Lemma. H(a_) with respect to sl{d) are given by 

. |Y|„,} : = 0, ai + ... + a^ = fc, = 0, k<p ^^^o) 

[0, k > p. 

The triviality of the higher k > p cohomology groups for sl{d), which should 
contain equations of motion and Bianchi identities, is expected since the system is 
off-shell. For the equations to have the second order in derivatives the only nontrivial 
cohomology group H^"*"^ must be at the grade-one, i.e., H^^J ^ 0. As is seen from 
the examples above, the equations correspond to those representatives of H^^} that 
are certain traces. Indeed, the total rank |Wq/|, which is equal to the sum qg + |Y 



of degree Qg and rank of Y^, is preserved by (T_. Therefore, |Wq/| = |W^q^°| + g 
and |i?q,Vil = kqo"l + 2 = |Y| + 2, where e^^ G Wf^ and R^^\-^ G contain 
metric-like field 0Ym(^) the equations on (pY^x), respectively. Consequently, 
the representative of H^^} that corresponds to the equations on the traceless part 
of (pYix) has to be identified with certain trace of the first order and so on for the 
traces of 4>y{x). 

The calculation of cr_ cohomology groups carried out in Section 14.51 implies 

1. The only nontrivial cohomology groups are H^~q and H^itJ'''^, k = l,...,p. 
Therefore, the dynamical fields and independent gauge parameters belong to 
the zero grade W^"° subspaces; the equations are of the second order and the 
Bianchi identities for the k-th level gauge symmetries are of the {k + 2)-th 
order. 

2. H^~^Q ~ H^]J^^]J]]^ ^^-j^, i.e., there is a one-to-one correspondence between the 

elements of H^^q that are traces of the r-th order and the elements of H^^J^^^ 
that are traces of the {r + k + l)-th order. Roughly speaking, ~ H^+^, 
H^~^ ~ H^+^ and so on. Therefore, there is a one-to-one correspondence 
between the dynamical fields and the equations of motion, the level-fc gauge 
symmetries and the k-th Bianchi identities. 

3. The so{d — 1, l)-irreps that correspond to the elements of H^~'^((T_) and are 
the traces of the zeroth order are given by the so{d — 1, 1)- Young diagrams 
that have the form (I4.19P with oat+i = and ai + ... + ajy = p — k, which 
exactly reproduce the required pattern (12.191) . Note that certain higher order 
traces are also the elements of cohomology groups. These fields represent the 
'auxiliary' fields of the metric-like formulation, which had to be introduced to 
make the gauge symmetry off-shell. To prove the theorem it is not necessary to 
know the concrete trace pattern, the duality between the cohomology groups 
is sufficient. The details of the trace pattern are in Section 
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In the fermionic case the traces are substituted for F-traces. Important is 
that acting on tensor indices only, (t_ does not break down the irreducibility of 
spin-tensors. The duality has the form H^~^q ~ Hji!^^^^ or simply Hg~Q ~ 

Hgio^^, which means that equations are of the first order and the duality between 
fields/equations, gauge symmetries/Bianchi identities takes place, which completes 
the proof. 

Note, that Y^^^^ = Y{„=o,fc=o} has the symmetry of the generalized Weyl tensor 
for a spin-Y massless field 





Sl 


Pl + l 




P2 




Sn 

Pn 





(4.21) 



Analogously to the examples of Section 13. 3[ massless mixed-symmetry fields can be 
described by the same unfolded system (11. 6p that is restricted to with g > qq, 
i.e., the system contains infinitely many dwa/ formulations. As the generalized Weyl 
tensor and its descendants are non-gauge fields, the dual descriptions with go > si 
are non-gauge and the dual descriptions with < < si are gauge. 



4.3 Physical Degrees of Freedom Counting 

Notwithstanding the simplicity of the unfolded form and the uniqueness of unfolding, 
there still might be a question of whether the unfolded equations do describe the 
correct number of physical degrees of freedom. 

It is well-known that for systems with the first class constraints only, with mass- 
less fields belonging to this class, the counting of degrees of freedom is that one first 
level gauge parameter kills two degrees of freedom, one second level gauge parame- 
ters kills three degrees of freedom, and so on. For example, a spin-two massless field 
possesses i^i^t^ degrees of freedom, which is just ^^i^^Lll _ 2d, '^^'^^^^ and d being the 
number of components of (j)^^, and 

The complete information concerning the 'number' of fields/gauge parameters, 
i.e., the multiplicity and the symmetry of corresponding tensors, is contained in 
H^^q((T_) for k = 0...p. Not only can a number of physical degrees of freedom be 
calculated but the whole exact sequence that defines an i5o{d —1,1) irrep can be 
derived. The elements of this sequence are certain so{d — 1) tensors that define an 
so{d — 2) tensor as a quotient of so((i — 1) tensors, e.g., (I2.18p . The decomposition 
of so{d — 1, l)-fields into irreducible tensors of so{d — 1) can be done with the aid of 
dn or, after Fourier transform, with the aid of momentum p^. 

For example, for a spin-two field the cohomology groups that correspond to the 
dynamical fields/ differential gauge parameters and its decomposition into so{d — 1) 
irreps have the form 
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so{d — 1, l)-representatives 


reduction from so{d — 1, 1) to so{d — 1) 






□ © • 


Hi 




m©n© 2« 



2H0 — > Hi 
:K(0;m) - 



^ J{(0;m) — > gives the 
0, which defines a massless 



Quick sort of Young diagrams in — 
correct exact sequence — > □ — > m 
spin-two irrep !K(0;m). 

For the simplest mixed-symmetry field, the hook-P, there are two levels of gauge 
transformation, hence, relevant cohomology groups are H°, H^ and H^ 





so{d — 1, l)-representatives 


reduction from so(c? — 1, 1) to 5o{d — 1) 


H° 


□~ 


□ © • 


Hi 




B © m © 2n © 2« 


H2 


F©n~0^.,A, 0^.;7^O 


F©B©m©2n©« 



3HC 



2H^ 



H^ 



J{(0;F 







Again, quick sort of diagrams in - 

gives exact sequence (12.181) . 

Consequently, the problem of calculation the number of physical degrees of free- 
dom, to be precise, of deriving the exact sequence, is effectively reduced to the simple 
combinatoric problem of (i) decomposition so{d — 1, l)-Young diagram representa- 
tives of H((T„) to so{d — l)-diagrams; (ii) cancellation of like terms in sequence 







(p+l)H° — >pH^ 



2HP 1 



?{(0;Y) — ^0. (4.22) 



Skipping combinatoric technicalities we state that in the general case of a spin-Y 
massless mixed-symmetry field (I4.22p reduces to the correct exact sequence that 
defines a uirrep "K (0; Y) of iso{d — 1,1). 



4.4 Solving the Generalized Jacobi Identities. 

Unfolding some dynamical system there arises a problem of solving Jacobi identities 
(13. 3p that have schematically a form h...hduj]^" = 0, where a number of background 
vielbeins h"- is contracted with the fiber indices of cUq". The Jacobi identity restricts 
rfcijq" to have a certain specific form du^^" = h...huj1'" , where the so{d — l, l)-irrep, in 
which ujf'' takes values, the degree r and the projector built of h...h are completely 
determined. The solutions are given bj0 

Lemma. A. Let (^^i ■■■"p^'^^'^^'^) q degree-q form taking values inY = Y{{s,p), {k, 1)} 
so{d — 1, 1) -irrep. The general solution of 

^j^a,{s),...,a,{s),b{k-l)c ^ Q ^4 23) 

^^As was pointed out in Section nonzero traces either violate Bianchi identities or introduce 
mass-like terms and, therefore, are ignored. 
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has the form 

^^a,(s),...,a,is)Mk) = J h,..M,u''^S'Jlr"'^'^"'"'^'^''^", k = s, q > p + 1, (4.24) 
[O, k = s, q < p + 1, 

where ul'^'^-'''^'^''^''^^^ anda;^^^;^!^--"''^'^'^'''^^^^'"*"'^ take values inY{{s,p), {k + 1, 1)} 
and Y{(s + l,p + 1)} so((i — 1, l)-irreps, respectivel¥^. 

Proof. The parametrization of duq by a degree- (g + 1) form taking values in the 
same so{d — 1, l)-irrep, d^^^^^'-'-'^p^'^^'''^''^ = obviously fails to satisfy 

f l4.23p . Inasmuch as fl4.23p contains a vielbein, the solution has to contain a number 
of vielbeins too. The most general parametrization of ^^^^^'^^'■■■'"-p^^^'^^''^ with only 
one vielbein included has the form ^^^^^^^'■■■'"■p^'^^'''^''^ = j^^^^^i'^)'---'°-p(^)Mk)\d some 
g-form taking values in a tensor product of Y by a vector representation, i.e., there 
is no definite symmetry between index d and the rest of the indices. 

h^hdUj"'^^'^^''"'^P^^^'^^''~^^^^'^ = < > ^ai{s),...,ap{s)Mk-l)lc\d\ _ q (4-25) 

Only those irreps in are allowed that have c and d symmetric, i.e., correspond 

to Y{(s,p), (/c + 1, 1)}, for k < s. This is not possible in the case k = s, i.e., Y = 
Y{(s, p + 1)}, and the only possibility to have c and d symmetric is to add the whole 
column to Y, which requires to be represented as d^^^^^'-'-'^p^'^^'''^''^ = 

hc-.-hcUj^^pJ^^'" '"'''^'^ i)c,ap+i{s i)c ^^^^ therefore, q must be large enough. Roughly 
speaking, the proof is based on the fact that the anti-symmetrization of two indices 
at the same row of a Young diagram is identically zero, the anti-symmetrization 
being due to contraction with vielbeins. □ 

Note that choosing nonmaximal solutions of Jacobi identities results in lowering 
the gauge symmetry so that not all redundant components are excluded. 

Unfolding totally-symmetric massless higher-spin fields the possible r.h.s. terms 



in dtol''^ = ... are restricted by Jacobi identities and an essential use is made 

of 

Corollary. The solution of Jacobi identity 

M^i^'"'^"'^*"'^' = (4.26) 

is of the form 

/^c^l t < S - i, 

hchdCQ t = s-l. 



^^The symmetric basis is used, being more convenient in this case as the contracted with vielbeins 
tensors are already irreducible. 
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The following statement is a generalization of the Lemma-A to the case where 
{{s,p), {k, 1)} is a 'subdiagram' of a larger Young diagram Y that has a number 
of rows precedent /succedent to {{s,p),{k,l)}. Appropriate Young symmetrizers 
have to be included as the mere contraction of a number of vielbeins breaks the 
irreducibility of the tensor. For instance, hcUJ°'^^'^'''^^'^^~^^^ is already irreducible with 
the symmetry of Y{si, S2 — 1}, but this is not the case for hcUJ°'^^^~^'^'^'''^^^\ which has 
to be added one term hcU"-^"^'^^"^^^"'^ + ^ _] _^^ /^^cc;"(^i)M(s2^i)c ^j^g symmetry 

ofY{si-l,S2}. 



Lemma. B. Let u'c 



,ai{s),...,ap(s),b{k), 



be a degree-q form taking values in Y 



Y{(..., (A;, 1), ...} so{d — l,l)-irrep, where the dots stands for the blocks in 

Y precedent / succedent to (A;, 1)}. The general solution of 

n _ 0, (4.28) 

where 11 [...] is a Young symmetrizer to Y{...., {s,p){k — 1, 1), ...}, has the form 



,ai{s),...,ap{s),b{k)c,. 



^^....,ai{s),...,ap{s),b{k), 



,ai{s)c,. . . ,ap(s)c,ap^l{s)c,. . . . 



k < s, 

k = s, q > p + I, 
k = s, q < p + 1, 



(4.29) 



takes values in 



where u-"'^'^-"^^'^^"^''^^^^ 
Y{..., (s,p), (A; + 1, 1), ...} anc? Y{..., (s + l,p + 1), ...} so{d — 1,1) -irreps, respec- 
tively, and n [...] is a Young symmetrizer to Y{...., (s,p), (/c, 1), ...}. 



Proof. The proof is similar to that of Lemma-A with the only comment that the 
symmetrizers do not affect the argumentation that anti-symmetrization of two in- 
dices in the same row is identically zero. □ 



4.5 Dynamical Content via cr Cohomology. 

Before discussing the calculation of (j„ cohomology, let us first recall necessary facts 
concerning the evaluation of so{d — 1, l)-tensor products. Let P(ei, ...,eAr|m) be a 
number of integer partitions ki + ... + k^ = m of m, where fcj is constrained by 
ki < Cj and different rearrangements of ki satisfying the constraints are regarded as 
distinct partitions. The generating function for the partition P(ei, €N\m) is 

m i=l 

These integer partitions gives the multiplicities of irreps in so{d— 1, l)-tensor prod- 
ucts (Clebsh-Gordon coefficients) we are interested in \7l\ . 
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The so{d — 1, 1) -tensor product of an arbitrary irrep Y* — Y{{si,Pi)} by a 
one-column diagram of the height q* can be exphcitly calculated as 



Sl 

Pi 


P2 




Sn 

Pn 







(8) 



{".■}>{ft} 



Pi 



Sl 



P2 



S2 



Pn 



Sn 



0(2 

[e2 



Pi 



Pk 



(4.31) 



where ccj, /3i : ai + (3i < Pi, i E [i-,N], ccjv+i > and there exist p > such that 



=N 



g* = ^ {ai + Pi) + ajv+i + 2p. 



(4.32) 



i=l 



The multiplicity N[aj},{i3i} of Y|^^. ^.j is given by integer partition 

= ^n\p), €i = pi-ai- Pi 

and the total trace order r is 

i=N 



(4.33) 



(4.34) 



i=l 



Roughly speaking, to obtain an element of the tensor product one should, first, cut 

off from bottom-right of the i-th block a column of height /3j — 7j, > A — 7j > (to 
take different traces) and, second, add an arbitrary number «j+7j, pi > ai+'-fi > of 
cells to each block, provided the ji cells annihilate, i.e., they are added to the places 
from which 7^ cells were removed at the first stage. Multiplicity may be different 
from one due to different rearrangements of 7j, i.e., when multiplied by the rest of 
g-column different traces can give rise to the same diagram. The number of such 
rearrangements is given by P(ei, ejv|p), p = YllZi li- instance, s/(n)-tensor 
product P (8) B is given simply by 



_ ®s/(n) B 



(4.35) 
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The so{d)-tensoT product can be represented as a sum of the form 

®so(n) B = 



zeroth order traces 



first order traces 




2nd order 



® 



2 



first order traces 



zeroth order traces 

2nd 
order 







(4.36) 



where the sum is over trace order and the boxes that are connected by the arc are 
to be contracted and, then, the s/(r;,)-product rules are to be apphed to the rest of 
the diagrams. 

Evaluating the so{d — 1, l)-tensor product of an arbitrary spinor-zrrej) Y* = 
by a one-column diagram of the height q* one can contract any number 

2 

of r matrices with the indices of the column and then multiply, therefore, the tensor 
product rule for spin-tensors can be reduced to bosonic rule fl4.3ip as 



Y{(s„p,)}i Y{(1, q)] = J2 {^{{s^,P^)} ®so(n) Y{(1, q - k)}),, (4.37) 

for example. 



k=0 



B 



e 



2 2 2 

zeroth order F-traces first order F-traces 

® s ® ^ ■ 

2nd order F-traces 3d order F-traces 



(4.38) 



The multiplicity 



is given by 



N'2 



i=p 

^P(ei,...,eiv|p-«). 

i=0 



(4.39) 



Let us now analyze the origin of cr_ cohomology. Its action a- : — Wq_,_} 
preserves g + q and hence the whole complex C(W, o"_) is a direct sum of complexes 



C{q', (T_), where q' refers to the end element W^, ° of the complex 



C(g',a_ 







K'-i 



9=0 



0. 



(4.40) 
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Moreover, cr_ preserves the total rank (the form degree + rank of the so{d — 1, 1)- 
irrep in which the field takes values). Let \y^^^'^^'---'°-^'^"^^ Iqq an element of Wq/. When 
all form indices of ly^^^'^^'---'"-^'^"^^ are converted to the fiber ones according to (13.291) 

^/ai(s-i),...,am(sm)\[di...dq] _ y^ai{si),...,am(sm) f^lJ-ldi ^il^qdq 

the action of o"_ is just an anti-symmetrization of all di, ■■■,dq with those indices 
that are extra as compared to Yg_i plus some terms to restore the correct Young 
symmetry of Yg_i. Let the decomposition of i4/"i(«i)v,am('5m)|[rfi...rf9] jj^^Q so{d — l, 1)- 

irreps be of the form 

Y{ai(.i), aUsm)} (g) Y{(1, g)} = KYI, (4.42) 

r=0 ir 

where the summation is over the trace order r and, then, over i,., which enumerates 
all so{d — 1, l)-irreps that enters in the tensor product as the traces of the r-th 
order, N[ being the multiplicity of Y[' . The multiplicity of the zeroth order traces 
is always equal to one, = 1. In fact, the diagrams can be directly obtained 
by the s/(?t,) -tensor product rule. 

The very anti-symmetrization is insensitive to whether a certain component en- 
ters as a trace or not. When decomposed into so{d — 1, l)-irreps the elements of 
Wq/ and Wq/^^ have a number of components of the same symmetry type. The 
action of (T_ is just a linear transformation that either sends the whole so{d — 1,1)- 
irrep to zercEfl or sends it to the components of Wqr(_\ of the same symmetry type. 
Important is that cr_ does not act between different so{d — 1, l)-irreps. Therefore, 
complex C{q', a_) is a direct sum of complexes, parameterized by so{d — 1, l)-irreps 
Y' that are given by various tensor products 

Y{n,fc}(g)Y{(l,g)} (4.43) 

provided that the field W^^"'''^ is an element of Wq,^- for certain i. When reduced 
to such a complex 

C{Y', q', a_) : ^ ... ^ ^ ^ - ^ (4.44) 

the action of cr_ is a linear transformation between the spaces Vg Vg-i, dimen- 
sions of which are equal to the multiplicity of Y' in the decomposition of PVq| and 
W^^;l. The action of cr_ is maximally non-degenerate compatible with nilpotency. 
Therefore, to find cohomology groups the dimension of each linear space in every 
complex has to be calculated. 

Let us note, that only the types and multiplicities of so{d — l, l)-irreps are found 
below, i.e., no attention is paid to the description of how the corresponding tensors 
are contained in the fields . This is sufficient for our purposes, though, it is 
obvious fl4.12p how the metric-like field 0Yai is incorporated in an element of W^^''. 

^■^provided that the appropriate basis on the space ofso{d— 1, \)-irreps with the same symmetry 
type is chosen. 
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The calculation of (j_ cohomology is divided into three cases that cover the whole 
variety of so{d — 1, l)-irreps that can result from the tensor products (14.43 1) . 

In the Lemmas below it is assumed that complex C(Y',g', cr„) is parameterized 
by so{d - 1, l)-irrep Y' = Y^^, of the form (14.311) with Y* = Y{n,k}, 1* = g such 

that G C{q',aJ) and p is defined according to fl4.32p . 

In the first case Y' is an element of Yq ® Y{(1, g)} 

Lemma. 1. The (T_ cohomology groups H^^q and are nontrivial and are given 

by 



Y{(s, - l,pi)}^^^,^^^^M|„^,^^} : ^ _\ q G [0,p], ^ = 0, 



un+i = 0, 

Ei=N 

H^f-^-i, [j9+l,2p+l], g = l, 

0, g > 2]9 + 1, any (7, 

(4.45) 

where M^aj,f3,} is the multiplicity of the irrep Y{(sj — l,pi)}^^ ^ |, defined below. 

Proof. From the very form of Y{„=Ar^o} = ^g=o = Y{(si — l,Pi)} it follows that the 
so{d — 1, l)-irreps that the element of >V^"° ~ Yq ® Y{(1, q)} decomposes into may 
be contained in Wql} only, i.e., >V^"° and W^I^ contain no so{d — 1, l)-irreps of 
the same symmetry type for k > 1. Therefore, the length of complex C(Y',g, (T_), 
where Y' G Yo®Y{(l, q)} is equal to one, i.e., C(Y{(sj - l,pi)} q, cr_) : — ^ 
Vi — > Vq — > 0, where the dimensions of Vq and Vi are given by the multiplicities 
of the so{d — 1, l)-irrep Y{{si — l,pi)}^^^ in Wqli and W^^°, respectively, 

P(ei,...,e7v|p- 1) P>1, _ 
dim(F,) = <! lO, p = 0, 

_P(ei, ...,eiv|p), a^v+i > 0, 

dim(l/o) =P(ei,...,ejv|p), (4.46) 

If aN+i > the dimensions of Vq and Vi are equal and each irreducible component 
of >V^"° with aN+i > can be gauge away by virtue of the corresponding element 
of W^ll, thus being exact. H'^>^p+^ = 0, inasmuch as p < p and the components 
of the forms with rank greater than {2p + 1) must have aN+i > 0, thus being 
exact. If aN+i = the dimensions are different, dim(V^i) < dim(Vo) for q < p, 
dim(Vi) = dim(Vo) for g = p + 1 and dim(V^i) > dim(Vo) for q > p. Therefore, 
the number of those Y{si,pi}^^^ G W^"°, q < p that are not exact is equal to 
M{aj,Pi} = |dim(V^i) — dim(Vo)|, the same is the number of those Y{si,Pi}^^, G 
^q-i! ? > P + 1 that are not exact. The obvious property of integer partitions 

P(ei, eAr|m) = P(ei, eAr|ei + ... + cat - m) (4.47) 

results in the important duality in the cohomology groups H^~^o ~ H^^^^^^^^ or, 
roughly speaking, H''^ ~ Hp+^, H^^^ ~ H^^^ and so on. □ 



49 



The second case is the complex C(Y', q',a^), where Y' is an element of the tensor 
product Y^n,k} ® Y{(1, q)} for certain g > with 1 < k < A;™"^ — 1. 

Lemma. 2. IfY' is an element of the tensor product Y t^n,k} ®Y {i^, q)} for certain 
q' > with 1 < k < /c™"^ — 1, the complex C(Y', q', cr_) is acyclic. 

Proof. The complex has the length two, i.e., — > Vq — > Vi — > V2 — > 0, where 
the dimensions are given by dim(Vo) = P(ei, catIp), dim(VL) = P(ei, eN, l|p + 1), 
dim(V2) = P(ei, ...,eAr|p + 1). Simple calculations with generating functions results 
in dim(K)) < dim(Vi), dim(\/2) < dim(Vi) and dim(V'o) - dim(Vi) + dim(V2) = 
and, consequently, the sequence is exact. □ 

Analogously, 

Lemma. 3. IfY' is an element of the tensor product Y^n,k}^Y{{l,q)} for certain 
q > with k = and n < N , the complex C(Y', g', cr_) is acyclic. 

Proof. The speciality of such Y' is that the complex has the length three, i.e., 
— > Vo — > Vi — > V2 — > V3 — > 0, where the dimensions are given by 

dim(Vo) = P(ei, ...,eAr|p), 

dim(yi) = P(ei, e„_i, e„ + 1, e„+i, eAr|p), 

, ^n~l,Pn — ^n, ^n\P " " 1) P > + 1, 

otherwise, ' 

e„ - 1, e„+i, ejvlp - e„ - 2) p > e„ + 2, 

otherwise, ' 

Again, simple calculations with generating functions results in appropriate inequali- 
ties and dim(Vo) — dim(Vi) + dim(V2) — dim(V3) = and, consequently, the sequence 
is exact. □ 

The above three cases covers the whole variety of the so{d — 1, l)-tensors that 
can result from the tensor products Y^n,k} ® Y{(1, q)} for any n, k and q. The cases 
with stv = 1 and Y = Y{0} are special but the calculation of cohomology groups 
leads to the same result. 

In the fermionic case, the computations are similar due to the multiplicity given 
by fl4.39p . The difference is that all nontrivial cohomology is concentrated in grade 
zero. Indeed, taking into account (14.461) . where P(ei, ...,e7v|p) is to be replaced by 
flCTjl . it follows that dim(l^o) > dim(\/i) for all q and Hf-^Q ~ ^^^1111,9=0^ where r 
is referred to the F-trace order, or, roughly speaking, ~ HP"*"^, H^"^ ~ H^+^ and 
so on. 



5 Conclusions 

The unfolded system constructed in the paper has a simple form of a covariant 
constancy equation and describes arbitrary mixed-symmetry bosonic and fermionic 
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massless fields in (i-dimensional Minkowski space. The gauge fields/parameters are 
differential forms with values in certain finite-dimensional irreducible representations 
of the Lorentz algebra that are uniquely determined by the generalized spin. 

The key moment is that all gauge symmetries are manifest within the unfolded 
formulation, which is of most importance in controlling the number of physical 
degrees of freedom when trying to introduce interactions. Unfolded systems are 
formulated in terms of differential forms, which is a natural way to respect diffeo- 
morphisms and, hence, to describe systems that include gravity. 

Though, the necessary conditions for the system to have a lagrangian description 
are satisfied, i.e., the fields are in one-to-one correspondence with the equations and 
the k-th level gauge symmetries are in one-to-one correspondence with the k-th 
Bianchi identities, the very lagrangian remains to be constructed. 

Another interesting moment is that the unfolded equations for bosons are the 
same as for fermions, namely, the operators involved, i.e., exterior differential d 
and remains unmodified when tensors are replaced with spin-tensors. Though 
this nice property partly breaks down in (anti)-de Sitter space, within the unfolded 
approach bosons and fermions have much in common, the fact being very useful for 
supersymmetric theories. 

The proposed unfolded system includes all non-gauge dual descriptions, which 
are based on the generalized Weyl tensor and its descendants, but not all of gauge 
dual descriptions. It would be interesting to construct an unfolded system that 
contains all dual formulations. 

The interactions of the totally symmetric massless higher-spin fields are known 
to require a nonzero cosmological constant, i.e., are formulated in (anti)-de Sitter 
space [2j. Mixed-symmetry fields exhibit some interesting features in the presence of 
cosmological constant. For example, not all of the Minkowski gauge symmetries can 
be deformed to (anti)-de Sitter [72]. As a result massless mixed-symmetry fields have 
more degrees of freedom in (anti)-de Sitter compared to its Minkowski counterparts 
f73] and in the Minkowski limit a massless mixed-symmetry field splits in a certain 
collection of massless fields, generally. Contrariwise, a single mixed-symmetry field 
can not be smoothly deformed to (anti)-de Sitter. Another interesting effect is the 
existence of the so-called partially-massless fields [HESlESlEZlESlESlEniEIlEl 
[SSI [M] , the fields that have a number of degrees of freedom intermediate between 
that of massless and massive and split in a set of massless fields in the Minkowski 
limit. Therefore, the extension of the proposed approach to (anti)-de Sitter space 
seems to be non-trivial but nevertheless worth being investigated. 

In a series of papers [85l EU [861 EO] it was suggested so-called frame-like approach 
to the general mixed-symmetry fields in (anti)-de Sitter. To generalize the proposed 
in the present paper unfolded system to (anti)-de Sitter case and to compare to that 
of [60] is the next step to perform. 

We consider the proposed unfolded system as the first stage in constructing the 
full interacting theory of mixed-symmetry fields. 
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Appendix A: Multi-index convention 

The multi-index notations is used: a group of indices in which certain tensor is 
symmetric or is to be symmetrized is denoted either by one letter with the number 
of indices indicated in round brackets, or by placing a group of indices in round 
brackets, e.g., 

rpa(s) _ rpaia2...o,s . ri-iai...ai...aj...as rpai...aj...ai...as j^^ 

(A.2) 

'^{brpa{s)) _ ■^{brpai...as) _ ^ (■^brpaia2...as _j_ ■^airpba2a3...as _j_ _j_ ■^asrpbaia2...as-i\ 

(A.3) 

Analogously, the group of indices in which certain tensor is anti-symmetric or is to 
be anti-symmetrized is denoted by placing indices in square brackets, e.g., 

rj-^a[s\ — rpaia2...as . rpai...aiai+i...as _ rpai...aijf.iai...as 

Y'[brpa[s]] _ ■Y[brpai...as] — ^ (■^brpaia2...as -^ai 2^60203... as i i / \SY'0.s'lpbaia2...as-i\ 

(A.5) 

The operators of (anti)-symmetrization are weighted to be projectors (the factor 
above). 



Appendix B: Young diagrams 

Comprehensive information on Young diagrams can be found, for example, in the 
textbook [71] . 

Definition B.l. Given an integer partition, i.e., a nonincreasing sequence {si,i G 
[l,n]}. Si > Sj+i of positive integers (or nonnegative when it is convenient to work 
with a sequence of a fixed length), associated Young diagram Y{si,S2, is a 

graphical representation consisting of n left-justified rows made of boxes, with the 
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i-th row containing Si boxes. 
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Finite-dimensional irreducible representation(zrre2)) of sl{d), i.e., various irre- 
ducible ,s/(d)-tcnsors, are in one-to-one correspondence with Young diagrams of the 
form Y{si, S2, s^d^}. The associated irreducible tensors 



rpa...a,h...h,.. 



(B.l) 



or, in condensed notation, T"'i.s-i),h{s2),- j^g^yg most [|] groups of indices, being sym- 
metric in each group separately, and satisfy the condition that the symmctrization 
of any group of indices with one index of any of the subsequent groups is identically 
zero, i.e., 

rpa{s'i_),...,{b{sk),---,V)c{sj-l),... = ^ <; j_ (B.2) 

If S[dj ^ and d is even the (anti)-selfduality condition has to be imposed for 
appropriate signature, (anti)-selfduality is conventionally denoted by the sign factors 
-|-(— ) before Sydy In this paper we do not consider (anti)-self dual representations. 

A scalar representation Y{0, 0, 0} is denoted by •, a vector irrep Y{1, 0, 0} 
by n, rank-two symmetric tensor irrep by I I I , rank-two antisymmetric tensor irrep 

by CH and so on. 

Finite-dimensional irreducible representations of so{d) are of the two types: ten- 
sor and spin-tensor; and are also characterized by Young diagrams, which in the 
case of spin-tensor irreps refer to the symmetry of the tensor part. Young diagrams 
that correspond to spin-tensor irreps are labeled by |-subscript. Spinor indices 
q;,/5,7 = 1...2[il are placed first and are separated from tensor indices by For 
example, a spinor ip"' irrep is denoted by •!, a vector-spinor irrep ^I'^'^by Di and 
so on. To make tensors irreducible, in addition to the Young symmetry concfition, 
the tracelessness condition with respect to each pair of indices is to be imposed 



rpa{si),...,cb{si-l),...,cd{sj-l),...,f{s„) — a 



l...n, j = l...n, 



(B.3) 



To make spin-tensors irreducible, in addition to the Young symmetry condition, F- 
tracelessness condition with respect to each tensor index and a spinor index is to be 
imposed 



J^a ^jil3;a{si),...,cb{si-l),...,f(sn) = Q 



l...n, 



(B.4) 



where F^^ satisfy F^^F^^ + F^^Ff^ = 2?7„b. Additional conditions on spmors, viz., 
Majorana, Weyl and Major ana- Weyl are irrelevant to the problems concerned. Also, 
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in both cases it is required for the sum of the heights of the first two columns of 
Young diagrams to be not greater than d. Note that the F-tracelessness condition 
is stronger than the tracelessness one and applying the F-tracelessness twice to two 
symmetric indices gives the tracelessness 

= 2T:^T^,Tr'(->') = 7^„,T"^'^^ (B.5) 

To handle with arbitrary large Young diagrams the so-called block representation 
is used, i.e., the rows of equal lengths are combined to blocks 

Pl P2 Pn 

Y{(si,pi), {sn,Pn)} = Y{^7r'?^,^^7^?^, ...,^77^?^}. (B.6) 
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